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ABSTRACT

Chapter 1 highlights the work of the International
Comnission on the Teaching of Mathematics, the National Coamittee on
Mathematical Requirements, and the College Entrance Examination
Board. Modifications in the arithmetic and algebra curricula are
discussed at some length and changes in the geumetry curriculum are
indicated. Following a reprint of E. H. Moore!s address to the 1902
meeting of the American Mathematical Society, chapter 3 presents data
to show the state of mathematics achievement of public school pupils
and offers specific guidelines for improving this scholarship. Use of
objectives, drill procedures, and the idea of general mathematics are
discussed in detail. The next chapter considers developments in the
testing movement as they were related to mathematics education.
Particular attention is paid to standardized achievement tests, their
nisuses, and their correct place in mathematics education. Chapter S
traces the history of the junior high school movement and the
development of its mathema+ics curricula. The remaining four chapters
deal with research in arithmetic, the relationship of mathematics %o
+he general public, high school math clubs, and a bibliography of
school mathematics books. (LS)
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FOREWORD

At the 1020 annual mceting of the Nationnl Councll of
Teachers of Mathematics, & motlon wax passed divecting the
President to appolnt a committee to prepure and present a
Yearbook at the next meoting. This volume represents an
cffort to fulfill the obligation of that motion. Such merit as
it nuay have obviously belongs to the mauny who have contrib.
nted to it. The President of the National Council and the
Chalrman of the Yearbook Committee axsume responsibility
for the mistakes in judgment nnd for mechanical errors,

After discussion with many teachers a General Survey of
Progresy in the Puast Twenty tive Years in the Teaching of
Mathematics in the United States was chosen an the general
theme of the Yearbook.

Sinece this cra of progress secems to have been ingpired by
the Address of Profeasor L II. Moore before the American
Mathematical Soclety in 1902, it is fitting that his address
should have a prominent place in this book. To Irofessor
Moore and to all the others who have contributed so ably and
goenerously the committee and all teachers of mathematics are
under a great obligation,

The members of the Committee and the Council are especial.
ly indebted to Professor Raleigh Schorling for editing the
publication of this volnme, Tt iy due to his faithful work that
the hook is readdy for distribution at the appointed time,

With the hope that this Story of Progress will inspire more
interesting and effective work in all the schools of the country,
this Yearbook is respectively submitted.

Charles M. Austin, Chairman,
ITarry nglish

Yearbook Commnittee < wWilllam etz

Walter (', Lclls

Frauk ', Touton
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A GENERAL SURVEY OF THE PROGRESS
OF MATHEMATICS IN OUR HIGH
SCHOOLS IN THE LAST
TWENTY-FIVE YEARS

By David Bucane Smiti

I. EARLY ATTEMPTS AT IMPROVING THE SYLLABI

At the beginning of \he present century the syllabi in mathe-
matics in the American high schools were determined largely
by the requirements for entering our colleges. As a rule
examinations were set by each college for its own candidates,
the requirements being dictated by the department of mathe-
matics, '

As President Butler said in an address delivered on Novem-
ber 6, 1925,—“Twenty-five years ago, the colleges throughout
the United States were going their several ways with sublime
unconcern for the policies of other colleges, for the needs of
the secondary schools, or for the general public interest. They
regarded themselves as wholly private institutions and each
indulged in some peculiar idiosyncrasy having to do with the
admission of students to its freshman class. The colleges
made no attempt to agree among themselves, either as to
what subjects should be prescribed for admission or what
content should be given to any particular subject. The several
colleges held admission examinations when it was most con-
venient for them to do so, and, with the rarest of exceptions,
only at the college itself. No secondary school could adjust
its work and its program to the requirements of several col-
leges without a sort of competence as a pedagogic acrobat
that was rare to the point of non.existence. The situation
wculd have been comic were it not so preposterous.”

" The purpose of the examination at that time seems to have
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been chiefly to assure the entrance of students who gave at
least a fair degrev of promise of becoming mathematicians.
Although get by such a large number of different exawmining
bodies, the subject matter was fairly uniform, bhased as it was
upon u tradition that was generally known throughout the
country.

In 1902 a committee of the American Mathematical Society,
on “definitions of college entrance requirements,” made a
recommendation that elementary algebra should cover the
usual topics through progressions; that higher algebra should
cover permutations and combinutions, the applications of
mathematical induction, logarithms, theory of equations (with
graphic methods), Horner’s method, determinants, and com-
plex numbers; that plane geometry should cover “the usual
theorems and constructions of good standard text-books, the
solution of original exercises, applications to problems of
mensuration of lines and of plane figures, and to loci prob-
lems,” and similarly for solid geometry. DIlane trigono:etry
was to cover the six functions, the “proofs of priacipal for-
mulas,” logarithms, and the solution of triangles.

This report was evidently rather inclusive through its very
lack of precision. It kept open the way for every eccentric
examiner to propose almost any question he wished, and yet
it served fairly well as a starting point for reform. At any
rate, it was the expression of a national instead of a local
opinion.

In the year 190( the College Examination Board was
organized. This was a great step in advance. It sought t.
unify the examinations and to prepare them with much
greater care than was usually the case with local efforts. It
also gave an opportunity for the schools tu be consulted by
and become a part of a central orgenization, thus being
represented in the preparation of the papers. While the range
of the examinations soon became that which was set by the
committee of the American Mathematical Society, and was
therefore rather indefinite as to limitations, the papers them-
selves became more standardized and represented in general a
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better selection of materinl. The traditional still played a
leading role, but at last there was some hope of modernizing
the syllabus and there was a feeling of assurance that this
improvement would in due time be realized.

Tradition still demanded the retention of a large amount
of abstract manipulation of polynomials, including long prob-
lems in the multiplicatiou and division of integral and frac-
tional expressions, with extended work in the finding of roots,
in fuctoring, in lowest common multiple, and in highest com-
mon factor, and with equally useless mauipulations of complex
sractions and radicals. Simultaneous linear equatious ex-
tended to four and more unknowus, and simultaneous quad.
ratics of the trick variety were in evidence. As to the higher
algebra it is not necessary to speak, since that concerned and
still concerns a relatively small number of pupits, these being
a rather selected lot who always look forward to a certain
amount of work in college mathematics.

Geometry was still more stagnant, as would naturally be
expected of a subject hat had been many centuries longer
in the making.

In neither subject did there seem to be any clear conception
of the purpose of teaching mathematics in the twentieth cen-
tury as distinguished from that which came into being with
the rise of analysis and algebraic symbolism three hundred
years ago.

It is hardly necessary to consider other syllabi. In general
they were more counservative than the somewhat indefinite
ones followed by the College Entrance Examination Board and
suggested by the committee of the American Mathematical
Bociety, and they showed a lower range of scholarship.

II. INFLUENCES FOR THE BETTERMENT
OF THE COURSES

In the period in question there were varions influences mak-
ing for the betterment of the syllabi and of the courses offered
in the schools. These include the following:

1. The work of the International Commission on the Teach-
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ing of Mathematics, serving as it did, to let American teachers
see the curricula of the best types of secondary achools in
all the other leading countries of the world and to compare
our progress with that which is found abroad. Naturally this
comparisoa showed us that conservatism existed elsewhere
as well as here, but it also served to show that various other
countries ivere ahead of us in achievement and that it was
well for us to ascertain the cause and to sce if we had any
advantages to counterbalance this apparent disadvantage. A
brief statement of the work of the Commission is set forth in
Section III of this survey, .

2. The work of the National Committee on Mathematical
Requirements. This committee was appointed by the Mathe-
matical Association of America in 1916 and was financially
assisted by the General Education Board. Its investigations
were thorough and its report was fully considered by rep-
resentative associations of teachers throughout the country.
It made a careful study of the purposes which should deter-
mine the teaching of mathematics in our secondary schools
and suggested a syllabus which should elimina‘c non-essentials,
retain those things which should best meet the needs of pupils
of the present generation, and introduce such modern material
as should strengthen the work without attempting to make
it unreasonably difficult. The nature of the report of this com-
mittee is briefly summarized in Section IV, Since certain
portions of the report itself were the object of study and
discussion all o-er the country for at least two years before
they were finally approved, and since the complete rer~~t has
been very widely circulated and discussed, its influence has
been very great.

3. The revised requirements of the College Entrance Ex-
amination Board. These were prepared by a commission ap-
pointed by the Board in 1922, They were reported in 1923 and
are now the basis of the examinations. They represent the
combined judgment of the colleges and the secondary schools
and are thus no longer subject to the criticism that the college
is assuming undue rights in dictating what shall be taught
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in the high school. They are more precise than any others
that have been heretofore set forth for the guidance of schools,
and even where schools are not prepariug for these examina-
tions they have tended to set a new standard and to elim.nate
much of the work for which no reasonable justification could
be found. The work of this commission is set forth more fully
in Section V.,

4. The rise of the Junior Iigh Schools, The rise of thige
schools, a development of the “six-and-six plan,” is onc of
the most significant movements in the last quarter of a cen.
tury. Not hampered in its early development by any examina.
tion system, this type of school was free to formulate its own
course and to set its own standards, The result was a more
uniform curriculum than at first was thought probable. It
enabled our schools to introduce intuitive geometry in a
satisfactory manner in Grade VII, to allow algebra to grow
naturally out of the need for the formula in connection with
this geometry, to show that a simple form of trigonometry
grows out of algebra, and to give some slight notion of the
significance of a demonstration. At the same time it con-
tinued the work in arithmetic as applied to the intuitive
treatment of geometry, as related to algebra, and as bearing
upon the every-day needs of our people. The result was a
perfectly natural correlation of the various parts of elementary
mathematics that are suitable for this school period, a process
of discovery of mathematical ability, and an interesting type
of work that had been lacking in the older kind of arithmetic
nnd algebra which it displaced. Courses differed in different
schools, but this was rather in unimportant details than in the
large features, Although the plan has not met with universal
approval, the general feeling has been very favorable to it and,
with progressive and well-trained teachers, the new curriculum
has been decidedly successful.

5. The work of the schools of education in the universities,
As effective agencies in any noteworthy improvement in teach-
ing, these schools may be said to be largely a product of the
twentieth century. Naturally their achievements have been
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manifested largely in the line of meutal measurements which,
for our purposes include various types of tests. The results
have been very encouraging, although the published tests have,
as stated later, had one unfortunate feature that has to a
great extent counterbalanced the good which might have been
accomplished and which will eventually result when they are
prepaved with more care. In general, however, these schools
of education have shown that mathematics can easlly be
adjusted to the capacities of young people, while the capacities
of these pupils eannot be so readily adjusted to the old-style
mathematles; that the science can be made part of the lives
of children as well as those of ndults; and that students may
rightly expect to enjoy learning as they enjoy other phases of
life. Whether this attitude of mind in the work of the school
has lowered our ideals of scholarship is a mooted guestioun,
but that it must necessarily do so can hardly be asserted by
anyoue who carefully considers the future work of ou- schools.
In any case our departments of education have, through their
experiments and their studies, created a healthy spirit in our
schools and have of late become wnore internationally minded
in their outlook. Although they have not fostered sound
mathematical scholarship as much as we might wish, they
have probubly done so as fully as present conditions permit,
and it must be recalled that their work is still in its infancy.

8. The textbook. Among the various influences that have
worked for the progress of mathematics in the last twenty-five
years ii is but a just tribute to the mukers of textbooks to
say that the prugress that has been made would have been
absolutely impossible without their aid. While certain books
have appeared that were impossible as aids to instruction, and
while commercialism occasionally enters into an effort of this
kind, it is only fair to say that a large majority of textbooks
on mathematics have been prepared solely with a view to assist
in the bettering of instruction in our elementary and high
schools. There is no other country in the world that produces
as fine pieces of bookmaking as those issued from our best
presses. At the same time, in no other country is the work
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get forth in such textbooks with as great attention to the
needs and intevests of children aas iy found here, and in none
has the advance in teaching been so vapid.  On the other hand,
in sound scholarship many forelgn books surpass onrs, but
no° in meeting the practical needs of the people.

. The Spirit of the Times,--a phrase which certain writera
amsert has no meaning, but which is convenlent an ropresenting
the mams psychology of the moment, At any rate, within the
past quartey of a contury there hus heen a general recognition
the world over that the traditional education of the aineteenth
century I8 not adaptad to present conditions; that there must
be a well:accepted reason for teaching algebra or else the sub-
ject must be discarded, and similarly for the other mathe-
matical disciplines, The result of this feeling has been very
sulutary as may be seen in the present requirenients in mathe-
matics aa set by the College Entrance Examination Board,

III. THE WORK OF THI INTERNATIONAL
COMMISSION

The section on philosophy, history, and Instruction of the
Fourth International Congress of Mathematiciang, held in
Rome, April 6 to 11, 1908, submitted to the Congress a resolu.
tion to create an International Commission on the Teaching of
Mathematics. The suggestion was indorsed by the Congress on
April 11, and an organizing committee was appointed consisting
of Professor Klein of Géttingen, Sir George Greenhill of Lon.
don, and Professor Fehr of Geneva, besides others appointed
immediately thereaft r. Delegates were afterwards chosen
from the countries which had taken part in at least two of
the congresses. The result was the publication of a large
number of reports showing the nature of the work done in
mathematics in schools of all types throughout most of the
world. 1n the United States reports were prepared relating
to various topics, including the following:

(1) Mathematics in the clementary schools; (2) Mathe
matics in the public and private secondary schools; (3) Train-
ing of teachers of elementary and secondary mathematies; (1)
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Influences tending to improve the work of the teacher of
mathematics; (5) Mathematics in the technological schools of
collegiate grade; (6) Undergraduate work in mathematics in
colleges of liberal arts and universities; (7) Mathematics at
West I'oint and Annapolis; (8) Gradunate work in mathe
matics in universities; (9) Report of the American committee;
(10) Curricula in mathematics in various countries; (11)
Mathematies in the lower and middle commercinl and in-
dustrial schools of various countries; (12) The training of
clementary school teachers in mathematics in various coun-
trics; 13) The training of teachers of mathematics for the
secondary schools in various countries. Allied to this work
there were published two other bulleting as follows: (1)
Bibliography of the teaching of mathematics, 1900-1912; (2)
Union list of mathewatical periodicals taken by the larger
libraries in the United States.

These reports were publisked by the United States Burean
of Education in the years 1911-1918 and were widely cirenlated
in this country. They served to show to our schools the range
of our system on instruction iu mathematics and the generat
parposes in view in the various types of school. Perhaps the
chief value to our country, however, was the comparison which
was thus made possible between the work done here and that
done in the other lending countries of the world. This showed
that we were distinctly behind other countries, as to subject
matter, particularly after Grade IV, although we might
properly claim to be at least equal to them in the spirit of the
work done in our schools. Tt raised the question, however, as
to whether a guod spirit could compensate for poor work, and
it caused a large amount of discussion in bodies of teachers
throughout the county. The past ten years have shown some
gratifying results of this discussion.

IV. THE WORK OT' THE NATIONAL COMMITTERE
ON MATIHEMATICAL REQUIREMENTS

The work of the National Committee is too well known for
detailed remarks. It is set forth in its report, The Reorganiza-
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tion of Mathematics in Secondury Education, published in 1923
by the Mathematical Associntion of America, under whose
auspices the Committee was establighed. This report was pre-
pared in close cooperation with bodles of teachers through.
out the country, It set forth very clearly the aims of mathe-
mutical instruction in the gevernl years of the juniov high
schoul, the senior high school, and the older type of fouryear
high school. It presented the model courses for these several
types of school und made suggestions for carrying out the
work. It considered the question of college entrance require-
ments, the basal propositions of geometry, the role of the
function concept, and the terms and symbols which might
properly have place in the schools. It fosiered various other
investigations, incluling the present status of the theory of
disciplinary values, the theory of correlation applied to school
grades, a comparison of our curricula with those in use abroad,
experimental courses in mathcmatics, standardized tests, and
the training of teachers,

It is not too much to say that the advance in the teaching of
mathematics in our secondary schools in the last decade has
been due in large part to the work of this committee, Since
the report is availuble in most high school and public school
libraries in the country, it wonld only seem to lessen its value
to attempt any further résumé of its contents,

V. THE INFLUENCE OF THI COLLEGE ..NTRANCE
EXAMINATION BOARD

No other influence in the reform of the teaching of mathe-
matics in our secondary schools of the present time has been
more potent than that exer‘ed by this hoarmd. Often thought
to be very conservative and to represent the views of the college
professor alone, it has shown itself in the best sense radical
in its reforms, and representative of the secondary schools to
fully as great a degree as of the colleges. Among its reforms
only the most noteworthy can be mentioned in this biief
report,

In algebra it has eliminated the extended and largely use-
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less manipulation of polynomials in connection with the
elementury operations. It distinctly says:

“It is not expected that pupils will be called upon to perform
Toang and elaborate multiplications or division of polynomials,
but that they will have complete mastery of those types that
arc essential in the subsequent work with ordinary fractional
equations, and with such other topics as are found in elemen-
tary algebra. In other words, these operations should be
looked upon chiefly as a means to an end.”

Thus in two senteuces it has struck out a large anount of
entirely useless and uninteresting work that had cumbered up
the inherited course.

It then climinated most of the work in factoring, a subject
wLich began to occupy an undue amount of space in the closing
quarter of the nineteenth century, veaching its culmination at
the opening of the present one. The requirement was reduced
to only three types,—

(1) Blonomial factors;

(2) The difference of two squares;

(3) Trinomials of the type #°4pr+q.

When we consider the fact that the subject was used almost
exclusively in those fractions @i »quations which were made
up merely for the purpose of using it, the board's attitude
was most salutary. Indeed, from the standpoint of practical
use it may be doubted if the value of the factoring of a quad-
ratic trinomial is not even now overrated.

The requirement in fractions has been simplified, and the
sesult has been the elimination of long and useless opurations
that consumed time and led to no worthy emd. The report
says:

“The meaning of the operations with fractions should be
made clear by numerical illustrations, and the results of alge-
braic calculations should be frequently checked by numerical
substitution as a means of the attainment of accuracy in arith-
metical work with fractions.”

The requirement includes complex fractions of about the
following degree of difficulty :
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a a+3b a c
Pty c—3d 3Td »
_c a=3b’ m_p’
=3 c+5d noq

This is a great gain over the plan of even a dozen years
preceding. Such forms as those here given actually enter into
the simple formulas which the pupii will see in elementary
science. They can therefore be justified.

Furthermore, ratio is treated merely as a case of simple
fractions, and proportion is treated as a simple type of frac-
tional equation, so that at once the whole subject has been
simplified materially,—indeed, as a separate topic, it is sub-
stantially discarded. Such terms as “glternation” and “com-
position” have naturally been abandoned by this action.

The position of the formula is a great advance over what
was the case a generation ago. Few would now deny that the
formula is the clement of algebra that will be most often used
by the student when he begins his serious work in science.
This should therefore be the subject of greatest emphasis in
the first year’s work. The commission of the Board recognizes
the fact and has this to say with respect to promoting the
subject:

“In the work done with formulas, the general idea of the
depedence of one variable upon another should be repeatedly
emphasized. The illustrations should include formulas from
science, mensuration, and the affairs of everyday life.
Throughout the course, there should be opportunity for a
reasonable amount of numerical work and for the clarification
of arithmetical processes.”

The graph also has the pruper kind of recognition, being
introduced for the definite purpose of illustrating and making
more clear the formulas ne led in science and in business.

In the subject of linear equations the pupil is no longer
expected to solve an array of abstract types that admit of no
application, but to devote his energies to the solution of those
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types which have some chance of being used. For this reason
the first year’s work excludes cases with three or miore un-
knowns. The report further makes the statement :

“Besides numerical liunear equations in one unknown, in.
volving numerical or algebraie fractions, the pupil will be
expected to solve such literal equations as contribute to an
understanding of the elementary theory of algebra. For ex-
ample, hie should be able to solve the equation

ar*—a
r—1

§= for a.

“In the case of simultancous linear equations, he should be
able to solve such a set of equations as

ax+bv=k,

cx+dy=l,
in order to establish general formulas. But the Instruction
should include a somewhat wider range of cases, as for ex-
ample:

ax+(a+b)y=ab, ax+by=ab,
or
ax+(a—b)y= —ab, x+(l+2)y=a.

“The work in equations will include cases of fractional
equations of reasonable difficulty; but, in general, cases will ve
excluded in which long and unusual denominators appear and
in which the common factor of the denominators, or the low-
est common denominator, cannot be found by inspection.

“I’roblems in linear equations, as in ratio, proportion, and
variation, will whenever practicable be so framed as to ex-
press conditions that the pupil will meet in his later studies.”

In the latter part of the first year's work two notable
improvements have been made. 'The first relates to the simpli-
fication of the work in surds, an inheritance from the past that
has lost much of its former significance. The report considers
exponents and radicals under the following head:
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1. “The proof of the laws for positive integral exponents,

2, “The reduction of radicals, confined to transformation
of the following types:

¢ Vb a_yfd

Vaih=ay/b, b=75 NI
a o vas a

and to the evaluation of simple expressions involving the
radical sign,

3. “The meaning and use of fractional exponents, limited
to the treatment of the radicals that occur under 2) above.

4. “A process for finding the sqnare root of a number, but
no process for finding the square root of a polynomial,
“In all work involving radicals, such theorems as

Vab=vaV'h and ‘/'5_\/2 may be assumed. Proofs of
b Vb

these theorems should be given only in so far as they make
clearer the reasonableness of the theorems; and the reproduc-
tion of such proofs is explicitly excepted from the require-
ments here formulated.”

The second noteworthy feature of the latter part of the first
year is the introduction of simple numerical trigonometry.
This is made possible by the elimination of a cousiderable
amount of relatively useless material and by the selection of
the minimum essentials of the subject.

Upon the range of this work the report recommends the
following:

“The use of the sine, cosine, and tangent in solving right
triangles.

“The use of four-place tables of natural trigonometric func-
tions is assumed, but the tcacher may find it useful to in-
¢lude some preliminary work with three-place tables.
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“The recognition of the fact that the pupil should acquire
facility in simple interpolation; in general, emphasis should
be laid on carrying the computation to the limit of accuracy
permitted by the table.”

With respect to geometry the Commission mukes three note-
worthy recummendations:

1. That the number of “book theorems” required on any
examination shall be materially reduced; in fact, only eighty-
nine theorems are incluled in the syllabus for plane geometry,
and of these only about a third are required for examination
purposes. This allows plenty of time for the important sub-
ject of *originals,” a subject which has assumed an entirely
new position of importance within the last quarter of a cen-
tury.

2. That a year’s course involving both plane and solid
geometry be allowed in place of the single course in plane
geometry. This allows a pupil to secure a fair knowledge of
both phases of the subject in a single year. This is rendered
possible by the reduction to fifty-nine of the number of prop-
ositions in plane geometry and to twenty-four as the number
required for examination, with a similar reduction in solid
geometry.

3. That there be offered a certain amount of work in men-
suration of a type more frequently met with in various lines
of industry. The treatment of this work is modern in spirit
and the work itself is outlined in the commission’s report.

In brief, the report shows a tendency to break away from
too much formalism, to depend much more upon originals, to
combine plane and solid geometry (if desired) in a single year,
and to approach European standards in the field of practical
mensuration.

VII. THE PROGRESS OF ARITHMETIC

Some idea of the progress of arithmetie, of the type used in
the junior high school. in the period in question may be ob-
tained by a comparison of the nature of the topics as set forth
in some of the most prominent arithmetics of the close of the
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nineteenth century with that of the present time. The follow-
ing synoptic presentation of the case shows the nature of the
changes that have taken place in this brief period:*

Then

Arithmetic of special and unusual
occupations. For example,
alllzation
equution of payments
arbitrated exchange
partuership involving time
true discount
generul avorage
tax collectors’ commissions
marine insurance
partial payments
measurement of hogsheads,
granaries, and cisterns
Obsolete processes. For exawmple,
greatest common divisor and

lenst common muitiple of
large numbers

Work with loug and unusual
fractious

Arithmetic progression
Geometric progression
(‘ube root
Present worth:
at simple interest
at compound interest
Troy welght
Extensive work in compound num-
hers of unusual types
Gregorian and Julian calendars
Proportion ag a means of soiving
commercial problems
Ratic without applications
No reviews except by poing over
the same work
All topies of equal importance

Now
Arvithmetic of the daily life of the
people. For instance,
arithimetic of the home
a simpie bank account
the check book
arithmetic of the store

organization of comnion cor-
porations

cost of production and overbead
charges

transportation
the common industries
farm problems of today
Short methods. For example,
in making change
in checking bills
in commoun multiplication
sractions  limited to  those of
ev yday life
Thrift and savings
Safe tvpes of fuvestment
Percentage related more closely to
decimals
Decimals related more closely to
", 8. nioney
Graphs
Cowmpound numbers limited to a
few really useful types of work
Our daty to the government
Government expenses:
city. state, nationnl:
necessity for thrift
Systematic reviews of principles
tmt with uew problemns
Minimum essentials emphasized

Not only have sucn changes as these in the topics of arith-
metic been made, but even more noteworthy ones appear in
the nature of the problems. The following list, taken from a
popular textbook of a quarter of a century ago contains a fair

*This synopsis and certain other portions of this section have been
taken fiom the author's essay on T'he Progress of Arithmetic in
the Lust Quartcr of a Century, Boston, 1923,
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sampling of what can be found in most of the works of that
period : '

1. Find the value of [84—T7 X6+ (3X5)—31-=-9.

2. Divide

19/42 of 28/33 of 11/14 of 7 1/9 by 28/35 of 8% of 16/23 of
8/35 of 24 5/12,

3. I bought 26 yards of carpet at $1 9/10 a yard, 3 cur-
tains at $5 3/5 each, and 6 chairs at $134 each. What is my
bill?  (As if we ever used these common fractions of a dollar
in this way!)

4. A vessel sailed from Portland, Me., for New Orleans
with a cargo of 1528,375 tons of ice. On the way 94.58 tons of
it melted. THow much ice reached New Orleans? (The weight
of the cargo of ice is given to within 21b., which is rather close
when we consider that it probably varied 1000 Ib. while being
stowed away.)

5. Reduce to ounces 5T. 10cwt. 241b. 8oz.

6. From § 1b. 7 oz. take 5 1b. 10 oz. 5 drams, 1 scruple, 15
grains.

v. I’ind the compound interest on $4921.50 for 4 yr. 9 mo.
24 da. at 7%, using the table,

8. What is the present worth of $3180.50 payable in 2 yr.
3 mo. 21 da., when money is worth 5 1/2%?

9. A, B, and C formed a partnership. A put in £3000 for
6 mo,, and then increased it $1500 for 4 mo. more. B put in
£9000 for 4 mo., and then, withdrawing half his capital con-
tinned the remainder 3 mo. longer. C put in $5500 for 7 mo.
They gained $3630. What was each partoer’s share of the
gain?

10. If 5 horses eat as much as ¢ cattle, and 8 horses and 12
cattle eat 12 tons of hay in 40 da., how much hay will be need-
ed to heep 7 horses and 15 cattle 65 da?

11. Three men bought a grindstone 20 inches in diameter.,
How much of the diameter must each grind off so as to share
the stone equally, making no allowance for the eye?
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12. A man bequeathed his property in such a way that his
wife received $7 for every $5 received by each of his two sons
- and every $4 received by each of his three daughters. If his
estate was worth $250,000, what was the sum begueathed to
each of the heirs?

13. Find the greatest common divisor of 462, 882, and 546.

114. A farmer wishes to put 336 bushels of wheat and 576
bushels of corn into the least number of bins possible of uni-
form size, without mixing the two kinds of grain. Iow many
bushels must each bin hold?

15, Find the least common multiple of 2520 and 2772 and
also of 11 1/9, 14 2,/7, and 33 1/3.

16. Change 268¢¢ on the duodecimal scale to the decimal
scale.

17. Multiply 3424 on the quinary scale by 234 on the same
scale.

18, Take 3/5 of 4 mi. from 7/8 of 3 mi. 18 rd. 3 yd. 2 ft.

19. Divide 19 T. 17 ewt. 29 1b. 7 oz. by 4/5.

20. Iind the weight of an ivory ball 2 iq. in diameter, the
weight of ivory being 1825 oz. a cubic foot. (It would be in-
teresting to see ivory sold by the cubic foot.)

21, A man walked 23 2/3 mi. the first day of a trip, 25 3/20
mi. the second, 28 14/64 mi. the third, and 26 53/100 mi. the
fourth. How far did he walk in all1?

22, Find the value of 8 3/74+5 4/949 2/3 —3 8§/21 —
36/7.

23. Find the value of 23/49%X7 3/4X9/10.

9,19 of 13 7/12
18/38 of T 5/16

25. . Reduce 6 mi. 37 rd. 4 yd. 3 ft. 6 in. to inches, and 5/7 of
a rod to yards, feet and inches.

26. Reduce 721327 inches to miles. (The number was not
even written in periods of three figures.)

27. Reduce 7 sq. mi. 17 A. 13 sq. ch. to square chains.

24, Find the value of
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28. Reduce 9230 scruples to higher denominations.

29. Reduee 7 hr. 32 min. 46 sec. to seconds.

30. Find the sum of 10 mi. 172 id. 2 yd. 2 ft. 9 in,, 12 mi.
172 rd. 4 yd. 11 in,, 16 mi. 74 rd. 1 yd. 2 ft. 3 in., 19 mi. 198 rd.
4 yd. 9 in., and 39 mi. 131 rd. § yd. 1 ft. 7 in.

Whatever may be said of many of the problems set in our
schools today, a reading of the above liat shows that there has
been a decided advance in the quality of the material and in
adapting the exercises to the needs and interests of the pupils.

As to the methods of presenting the subject of arithmetic or,
indeed, of the other branches of mathematics, this report is
not directly concerned. It is desirable, however, to call at.
tenticn to one change that has become more and more evident
in the last two or three decades, and that is our sympathy with
childhood,—not our affection, probably not always our good
judgment, but certainly our sympathy with the child in school.
The severe discipline of two generations ago had begun to
relax at the close of the nineteenth century, and at the present
time it has become very much less pronounced in the better
type of school. The pupil has come to live the child life more
freely instead of trying to live the adult life that the world
not long ago sought to impose upon him. We have still a long
way to go to reach the goal, and we run continued risk of so
reducing the mental food supply as to make education a poor
affair and one that requires so little effort as to have neither
interest nor value. On the whole, however, the average ele-
mentary pupil gets much more joy out of his school life than
his parents did out of theirs, and his general range of know-
ledge is rather better than theirs was at the same age. It is
also probable that his powers of computation in those ordi-
nary problems of life that he is capable of understanding do
not suffer by the same comparison. In spite of the easy
fashion to deny this assertion, there scems no reason to think
that it is not perfectly true.

All this has been a distinct gain. It has not come from any
of the “methods” that loomed up so large in the eyes of the
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teachers of a generation ago, nor has it come to any great ex-
tent from the results of psychological studies; it has come
largely from the use of plain common sense in adapting
arithmetic to this new view of education,—that of letting the
child live as natural a life as possible while in school,—and in
adapting the work in arithmetic to his mental powers at each
stage of his growth,

Perhaps the most important change of all is seen in the
purpose of teaching arithmetic. A quarter of a century ago
it was felt that the subject should be hard in order to be val-
uable, and it sometimes looked as if it did not make so much
differet.ce to the school as to what a pupil studied so long as
he hated it. The old idea that this was good for the mind and
soul was not at that time fully discarded. There was also
prevalent the idea that as many applications of arithmetic
ghould be introduced as the time allowed, irrespective of
whether they were within the mental horizon of the pupil or
within the probable needs of his life after leaving school. This
view has now been changed; the purpose of teaching arithme-
tic has come to be recognized as the acquisition of power to
calculate within the limits of the needs of the average well-
informed citizen. It has also corie to be recognized that the
problen is primarily designed to show a need for computation,
by giving applications that add to the interest in calculation
and by introducing the puzzle element of problem-solving,
which may add further interest. A secondary purpose of the
problem is the imparting of some knowledge of the economic
conditions, that the pupil will find in daily life, this being
presented to him in a simple manner that will make it scem
interesting and worth while.

We should not fail, moreover, to recognize the value of the
{ests in arithmetic which have been devised during the past
quarter of a century. These precede by some years the tests
in algebra and geometry and have been much less open to
legitimate criticism. They have accomplished much in the
improvement of the work in arithmetic, in diagnosing
pupils’ difficvlties, and in the measurement of their capacities.
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It is reasonably certain that the newer tesis in the high school
subjects will, when purged of certain objectionable features,
especially as to their work in traditional subject matter, ac-
complish similarly beneficial resuits,

VII. THE PROGRESS OF ALGEBRA

Encouraging as has been the progress of arithmetie in our
schools, the progress of algebra has been none the less note-
worthy. Twenty-five years ago the subject was usually taught
as if it were a purely mathematical discipline, unrelated to
life except as life might enjoy the meaningless puzzle. Val-
uable as the teacher might feel it to be, the majority of pupils
looked upon it as a fairly interesting way of getting nowhere.

If we were to seek the most significant step taken in the
improvement of the teaching of algebra in the last twenty-five
years, it would probably be found in the clearer vision that we
have of the real purpose of the subject. To take our current
educational phrascology, we have been concerned, and proper-
ly so, with establishing our “objectives.” The purpose a
quarter of a century ago seems to have been to make math.
ematicians; the purpose today is to make well-informed
American citizens. A man or a woman is not well informed
if he or she is ignorant of the general meaning of geography,
of the simpler natural sciences, of a few masterpieces of our
language, of the significance of foreign tongues, of the qual-
ities of good art (including music), of the social and economic
needs of people, of the nature of government, of one’s duties
as a citizen, and of the significance of religion,—most of these
being taught to best advantage in school. In the same way
both the man and the woman needs to know something of the
significance of mathematics.

A8 a result of this view of the reason for teaching algebra,
we have come to see that we should not expect everyone to
solve two simultaneous quadratic equations, although out of
an entire class there will be found a few who can do so. Nor
should we expect to have ali the pupils able to factor arit-bar
+e¢ (a useless accomplishment for most people), even though
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a considerable number will take pleasure in performing such a
task und will thereby acquire some speclal skill which they
may find useful In later work. The purpose of teaching alge-
bra is found in none of these details: it conslnts in giving to
everyone a general idea of the meanlng of algebra, together
with a few definite and useful applications which everyone is
likely to meet. If the subject is to be valuable, the learning
should be a pleasure, and it may properly be expected that
this pleasure will earry the pupil into such manipulations of
algebraic expressions as will fix the habit of using algebra in
the cases to which it can be applied.*

This has led to a consideration of those topics of algebra
that are of most worth to the average citizen, and herein the
change has been very marked. If, today, the concensus of
opinion were to be taken among progressive tenchers it would
probably result in the naming of the formula, the graph, the
directed number, the linear equation with one unknown, and
(by way of application) numerieal trigonometry as the five
importunt topics to be considered. Facility in algebraic ma-
nipulation, which played such an unduly important part a
generation ago would be relegated to u relatively minor role
at the present time. Dainfully precise deflnitions and at-
tempts at ultra scientific explanations are no longer felt to be
cither necessary or desirable.

One of the most popular texts of twenty-five years ago had
cight pages of definitiony and theory before a single example
was given, and out of nearly 1600 exercises in the first 147
pages only 111 were verbal problems and only two could iay
claim to relating to any apparent huraan teed. Another text
of that period gave about 1800 exercises in the first 128 pagoes;
of these only 109 were of the verbal variety, and only one had
any apparent application to any condition that would arise
in daily life.

Any good modern text, however, would show the need for
algebra on the first page; would begin its real problems im-

*lcor an amplifleation of thix subject seo the author's Phe Drogress of
Alyebra in the Last Quarter of a Century, Boston, 19235,
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mediately; and would give a large number of verbal and
written exereises at once, with as many genuine applications
as reaxonably possible—applications of a kind that pupils can
understand and in which they will have a real interest,  Some
of our modern books have more verbul problems than both
of the other two already referred to, nud many times the num-
ber of genuine applications relating to daily life,

In neither of these two algebras of a quarter of n century
ago (and they were among the best of their time) was there
a single example showing the meaning of or the need for the
direeted number, whereas in a good modern text the pupil will
find dozens of them, not to mention numerous illustrations,
showing its value in our dally lives,

These are only a few of the evidences of progress in the pur-
pose of school algebra in the last quarter of a century,—a
progress which, without exaggeration, may be characterized
as revolutionary. Probably no other subject found in the
course of study in the average high school has undergone so
marked a change,

The earlier type of algebra was arranged on the same plan
as the earlier type of arithmetic. On the theory that we
must scientifically define all termns before they can safely Le
used, the book began with deflnitions—a plan which woula
make it necessary to define “elephant” before visiting a me-
nugerie, If the book gave any idea at first about the purpose
of algebra, it was that it was a science in which letters were
used in solving the most impractical sort of number puzzles.

The hook next proceeded to introduce strange terms, such as
monomial, binomial, residual (now discarded), polynomial,
coefticient, and exponent,—-not as they were needed, but in
order to provide for their use at some time in the future.

It then took up the four operations which had been develop-
ed in arithmetic, buat which have only a slight use in practical
algebra, and spent some weeks of the pupil’s time in mastering
a technique that was of little value—at least in the beginning
of the science.

Having covered this ground for integral expressions, the
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book then considered the question of fractions by giving work
of a type that few students would ever nced in subsequent
mathematics. Linear equations were then introduced; after
which followed a large amount of work in incommeunsurable
numbers (involving such names as “surds” and “radicals"),
“and then quadratics, proportions, series, and other advanced
topics. There were but few attempts to frame verbal prob-
lems, even of the fictitious type, and none to develop the real
applications of the science.

At the present time every leading writer of school algebras
is making the attempt, with morve or less success, to arrange
the topics on a more rational basis. The sanely progressive
books begin with the formula and show its meaning, its prac-
ticul use, and the method of deriving one formula from an-
other. This being done, the most valuable part of pure algebra
has been presented, and it is a part that, a quarter of a cen-
tury ago, was practically ignored. The graph, the negative
number, and the linear equation ave then presented, the equa-
tion having already been encountered in connection with the
formula. Numerical trigonometry appears later in the course.
As to the division of polynomials by polynomials, elaborate
aleebraic fraetions, highest common factor and the lowest
common multiple, most of factoring, reots, most of the work
in surds, lincar equations with more than two unkowns, and
simultaneous quadratics,—the relative value of all these has
diminished greatly in the estimation of those who wish to sal-
vage the parts of algebra that the pupil will really use in his
later work.

In the matter of algebraic problems there has also been a
notable advance. Some idea of the types in current use
a quarter of a century ago can be formed by considering a few
of the best of the problems contained in a popular work of
that period:

A man, being asked if he had 100 head of cattle, replied that
if he had twice as many as he then had and 4 move, he would
have 100,  How many had he?

If B were § yr. younger, A's age would be twice B’s. The
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sum of their ages is 20. ITow old is each?

A’s capital was 34 of B’s. If A’s had been $500 less, it
would have been 15 of I3's.  What is the capital of each?

Paving a square court with stones at 40c¢ a square yard will
cost as much as inclosing it with a fence at $1 yer yard. What
is the length of a side of the court?

Bought 8 horses, a number of cows, and 100 sheep for
$2500. The number of cows was equal numerically to 4 times
the price of a sheep, and a sheep and a horse cost $5 less than
1/5 the cost of all the cows. Find the cost of a horse, and a
sheep, and the number of cows, if a cow cost $40. (As an
example of English, in which a number is equal numerically,
this is interesting.)

It must not be thought that such problems are without value,
that there are no good reasons for giving them, or that the
older books are to be condemned for having a reasonable
number of this type. Some of them have stood the test of
time and have maintained their own throughout the centuries
because pupils could easily visualize them and were interested
in their solution, which is rarely the case with any of the
multitude of real problems of a technical nature in physics,
in shop practice, in the biological sciences, or in the field of
commerce. It is probable that we shall always find it best to
draw upon certain types of puzzle problems as exercises in
algebra, in arithmetie, and in various other branches, for the
reason that most technical problems are too difficult to be un-
derstood by the pupil when he is studying these subjects. To
bostpone algebra until such time as he could understand these
applications would be to put off taking up something for which
the pupil is mentally ready until a time when he would deem it
too childish to be of interest. Indeed, it may rafely be said
that we are probably not making enough use of the interest
afforded by the puzzle element in any of our work in mathe-
matics,

All this, however, is no excuse for giving nothing but unreal
problems in algebra, which was the situation at the beginning
of the century. That we have made a gratifying advance is
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geen from an examination of various leading textbooks of the
present day, the genuine applications of algebra, particularly
in the case of formulas and of other types of equations (us in
the study of rutio), being much in evidence.

It is, however, in the introduction of numerical trigonometry
as a legitimate, interesting, simple, and valuable part of
algebra that the most notable step in the last quarter of a
century has been taken. It has long been recognized that
trigonometry has much more practical importance in the world
than most ~f the work given in the older type of algebras.
'fhe tradition that this subject must necessarily feilow de-
monstrative geometry has no merit except its antiquity: the
subject is easier than any of the topics in the secoud half of
the old-time algebra, it is more interesting, and it admits of at-
tractive outdoor work. It thus opens up a new field of inter-
est for the pupil—the field of indirect measurement, in which
there are discovered the first steps in the meuasuring of the
distance to the stars and in the understanding of some of the
former secrets of the universe in which we live. It follows
naturally after the study of proportion, and its inclusion in
algebra has now met with the approval of all leaders in the
teaching of elementary mathematics. The initial work re-
guires no knowledge of logarithms, a subject that may
properly be left to a later course in algebra, simply because the
time is hardly sufficient to allow for its introduction in the
early stages of elementary algebra.

The fact that this topic has been recommended by the Na-
tional Committee as part of elementary algebra, that it is
required by the College Entrance Examination Board, that it
is generally taught in close connection with algebra in other
countries, that the plan has been generally approved by Amer-
jean associations of teachers, and that it has been followed
in various recent textbooks assures its status in our elemen-
tary courses.

Much has been written of the advance in appreciation of the
function concept in recent years. This advance is, of course,
particularly noticeable in algebra, and the topic of trigonom-
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etry is the one in which it is most in evidence, It is also
seen in the treatment of the formula and in the entire subject
of variation as a part of ratio and of fractions. It has of late
come to be looked upon as a kind of unifying principle running
through all parts of algebra, and as such, when not too con-
sciously forced into the language of science, has undoubted
value.

VIII. THE PROGRESS OF GEOMETRY

As a scientifically organized part of mathematics geometry is
the oldest of its branches. For this reason it has had a longer
period in which to perfect itself. Tt is therefore looked upon
as less capable of reform or improvement than algebra and
arithmetic,

The last quarter of a century has shown, however, that as a
school subject it is capable of improvement in the same spirit
if not to the same extent as these other branches.

For one thing, the recent years have clearly differentiated
between intuitive and demonstrative geometry. While this
has always been recognized in a small way, as in the treat-
ment of simple mensuration in arithmetic, it was not until the
Cambridge meeting of the International Mathematical Con-
gress in 1912 that intuitive geometry was brought prominently
before the educational section of that organization and began
to be seriously considered by bodies of teachers throughout
the world. Since then it has come, in this country, to occupy
a worthy place in all our courses for the junior high schools,
This place is properly in the seventh and eighth school years
and to some extent even earlier. The subject naturally pre-
cedes demonstrative geometry, and our schools have come
generally to recognize that it has but little sanction in the
latter and more mature branch.

Demonstrative geometry twenty-five Years ago consisted of
at least one year of plane geometry, following the course in
algebra, and at least a half year in solid geometry, In most
schools there was a good deal of memorizing of demonstrations
and the original exercise still played an almost negligible part,
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being, for many pupils, without either purpose or pleasure. A
fow teachers enlivened the work by applications of doubtful
value, but on the whole it was generally looked upon as an
intellectual grind.

The progress since that time has been steady and encourag-
ing. Its nature may be summarized briefly as follows:

1. There has been a more definite recognition by the schools
that the chief purpose of demonstrative geometry is to show
the application of logic to the proof of mathematical state-
ments. It therefore requires a maturity of mind hardly found
before the tenth school year, although for purposes of infor-
mation a little work in demonstration may properly be given
to the abler pupils in the preceding grade.

2. Therefore the purpose of denonstrative geometry is not
mensuration, this being sufficiently cared for in the work in
intuitive geometry; its purpose is, in part, to demonstrate the
truths already known intuitively. For this reason the work
in the mensuration of the circle has little sanction in demon-
strative geometry, the rules being already known from intuitive
geometry and the demonstrations as given not being very
ratisfactory from the standpoint of logic. The subject is there-
fore no longer required in college entrance examinations or
for high school graduation. The same is true as to the men-
suration of the rectangle, the rectangular solid, the cylinder,
the sphere, and the cone.

3. The number of demonstrated theorems, and especially
of the coroliaries, has been greatly reduced, the purpose being
to retain only the basal propositions that are of most use in
the demonstrations of the “originals.” This has shifted the
emphasis from the book proofs, which usually constituted all
the geometry of a century ago and most of that of the last
quarter of the nineteenth century, to the original exercises
where it properly belongs. Recent textbooks have an amount
of original work of a simpler character that was hardly im-
agined a generation back. Indeed, the older geometries may
be compared to an algebra that had all its examples fully
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worked out, and no exercises for the pupils. The purpose of
“bouk propositions” in geometry is largely that of worked-out
examples in algebra,—to get a model for the pupil and to
furnish a basis for his original work,

4. The number of solved problems has been proportionately
reduced quite as much as the number of demonstrated the-
orems. The simpler constructions with ruler and compasses
are given in intuitive geometry and their demonstration is not
of much value as compared with the demonstrations of the
theorems, leading as they do to only a small number of exer-
cises and depending chiefly upon two or three simple theorems.

6. The exercises have greatly increased in number, but they
have decreased in difficulty. The increase is due, as already
stated, to the shifting of emphasis from that which an author
has thought out for the pupil to that which the pupil is to think
out for himself, TF< decrease in difficulty has arisen from the
fact that the ability of pupils can certainly not be said to have
increased during the period in which the schools have tended
to the education of everyone rather than to that of a selected
body of pupils of high intellectual promise. The tendency to-
ward some form of universal high-school education is probably
for the happinuss of the race and the strengthening of the state,
80 that we shall have to accept, for many pupils, this lower
standard.

There has, however, been another reason,—the feeling that g
large number of simple exercises trains the immature pupil
better than a smu number of difficult ones. In our efforts to
conform to this belief we are still in the experimental stage.
The pupil of mathematical inclinations will prefer a more
difficult type, and for him it will probably be better to pass
rapidly over a few of the easy exercises and to come as soon as
possible to those requiring more thought,

6. The discussion and generalization of propositions now
holds higher place than it did a seore of years ago; at least it is
rather more in evidence in our courses of study and in our
textbooks.
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7. There is a strong movement on foot to cover the essentiil

parts of plane and solid geometry in a single year. This is
often met by the assertion that it ijs impossible. This asser-
tion, however, depends upon the meaning assigned to the ex-
pression “essential parts.” It would be feasible to frame a
course in plane geometry that would require three years of
- hard work, but it would not lead to the most profitable use
of the pupil's time. If we eliminate most of the construction
problems, assume all the work in inequalities, eliminate all
mention of incommensurables as applied to line segments and
the circle, all the theory of proportion (treated of in algebra),
the work in the mensuration of solids, and the rather purpose-
less treatment of spherical triangles, we can readily frame a
very satisfactory course for a single year. This can be done
by making selections from any standard geometry.

No mention has been made of the efforts toward developing
courses in general mathematics. These refer rather to the
method of presentation than to the improvement in subject
matter. It may, however, be said that the recent development
of the junior high school affords a natural field for combining
different parts of mathematics in a single course, and this has
been recognized in all our modern textbooks on the subject.
Numerical trigonometry, also, naturally blends with algebra,
and this is recognized in the recent courses of study. Demon-
strative geometry, however, offers a different problem. It can
use the algrebraic equation in its proofs, although it can get
on about as well without it; but neither algebra nor trigonom.
etry makes use of the demonstrations of geometry in its work.
Our successful courses in general mathematics, therefore, tend
to segregate demonstrative geometry, and this, psychologically,
will have to be the case in the future. Either demonstrative
geometry must be considered largely by itself or else it will
tend to drop out of the curriculum or, at the best, to remain as
a feeble memory of the world’s effort to show how truth is
logically established in the mathematical sciences.
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IX. CONCLUSION

The progress of mathematics in our schools in the last quar-
ter of & century may, then, be summarized briefly as follows:

1. Early attempts at improving the courses were greatly
hampered by the force of tradition.

2. The most potent of the later influences for betterment
have been the work of the International Commission on the
Teaching of Mathematics; that of the National Committee on
Mathematical Requirements; that of the College Entrance Ex-
amination DBoard, which brought together the secondary
schools and the colleges; the rise of the junior high schools;
the work of the schools of education; the improvements in
textbooks; and the general Spirit of the Times.

3. The results of these labors are seen in the setting forth
with greater clearness the aims which should guide in the
teaching of each branch of mathematics. This is one of the two
greatest gains. It has led to the elimination of much obsolete
or relatively valueless material in arithmetic and algebra, to
the introduction of new topics in each, to the merging of the
first course in numerical trigonometry with the work in ele-
mentary algebra, to the elimination from geometry of matter
of doubtful value, and to the general union of related parts of
mathematics through such coordinating influences as that of
the function concept and that of the social needs of our people.

4. The second of the gains of greatest importance has been
the recognition of the rights of children to see the purposes of
their studies, to find that the subjects synchronize with the
development of their intellectual capacities, and to enjoy the
work in mathematics as they should enjoy their work in other
lines of intellectual activity.

5. There has been a notable advance in the testing of pupils’
abilities and achievements, hampered only by the fact that
many of the tests in algebra have tended to perpetuate some
of the most objectionable features of the science,—a difficulty
that will, of course, tend to disappcar under the combined
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efforts of those with some mathematical vision and those who
know the technique of testing.

6. In no fleld of elementary or secondary education has
advancement in the last twenty-five years been more marked
than in that of mathematics. If teachers feel discouraged with
the reactionary attitude of certain administrators or of boards
of control in state or city, they may well take courage by
considering the state of high school mathematics at the begin-
ning of the century and comparing it with the state of the sub-
ject at the present time.




ON THE FOUNDATIONS
OF MATHEMATICS*

By EriariM HasTings MOORE

Tne American Mathematical Society gives its retiring
president the privilege of speaking on whatever he may have
at heart. Accordingly, this afternoon I propose to consider
with you some matters of importance—indeed, perhaps of fun-
damental importance—in the development of mathematics in
this country; and it will duly appear in what non-technical
sense I am speaking ‘On the Foundations of Mathematics.’

A VIEW

Abstract Mathematics.—The notion within a given domain
of defining the objects of consideration rather by a body of
properties than by particular expressions or intuitions is as
old as mathematics itself. And yet the central importance
of the notion appeared only during the last century—in a
host of researches on special theories and on the foundations
of geometry and analysis. Thus has arisen the general point
of view of what may be called abstract mathematics. One
comes in touch with the literature very conveniently by the
mediation of Peano’s Revue des Mathématiques. The Ttalian
school of Peano and the Formulaire Mathématique, published
in connection with the Rcvue, are devoted to the codification
in Peano’s symbolic language of the principal mathematical
theories, and to researches ou abstract mathematics. General
interest in abstract mathematics was aroused by Hilbert’s
Gauss-Weber Festschrift of 1899: ‘Ueber die Grundlagen der
Geometrie,’ a memoir rich in results and suggestive in meth-

*Presidential address delivered before The American Mathematical
Society at its ninth anuual meeting, December 28, 1902, Reprinted
here from Science, N. 8, Vol. XVII, pp. 401.416, March 13, 1903;
bunctuation and other matters of style are as in the original,
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ods; I refer to the reviews by Sommer,* Poincaré,t Halsted,}
Hedrick§ and Veblen.||

We have as a basal science logic, and as depending upon it
the special deductive sciences which involve undefined symbols
and whose propositions are not all capable of proof. The
symbols denote either classes of elements or relations amongst
elenients. In any such science one may choose in various ways
the system of undefined symbols and the system of undemon-
strated or primitive propositions, or postulates. Every prop-
osition follows from the postulates by a finite number of
logical steps. A careful statement of the fundamental gen-
eralities is given by Padoa in a paper{ before the Iaris
Congress of Philosophy, 1900.

Having in mind a definite system of undefined symbols and
a definite system of postulates, we have first of all the notion
of the compatibility of these postulates; that is, that it is im-
possible to prove by a finite number of logical steps the simul-
taneous validity of a statement and its contradictory state-
ment; in the next place, the question of the independence of
the postulate or the irreducibility of the system of postulates;
that is, that no postulate is provable from the remaining
postulates. Padoa introduces the notion of the irreducibility
of the system of undefilned symbols. A system of undefined
symbols is said to be reducible if for one of the symbols, X,
it is possible to establish, as a logical consequence of the
assumption of the validity of the postulates, a nominal or
symbolic definition of the form X==A, where in the expression
A there enter only the undefined symbols distinct from X.
For the purpose of practical application, it seems to be de-
sirable to modify the definition so as to call the system of
undefined symbols reducible if there is a nominal definition

*Bull. Amer. Math. Soc. (2). vol. 6 (1900), p. 287.

tBull. Sciences Mathém., vol. 26 (1902), p. 249.

$The Open Court, September, 1902,

§Bull. Amer. Math. Soc. (2). vol. 9 (1902), p. 158.

iThe Monist, January, 1803

T'Essal d'une théorie algébrique des nombres entlers, précédé d'une
introduction logique A une théorie déductive quelconque,’ Biblio-
théque du Congrés International de Philosophie, vol. 3, p. 309.
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-X=4A of one of them X in terms of the others such that in any
interpretation of the science the postulates retain their validity
when instead of the initial interpretation of the symbol X
there is placed the interpretation of the symbol .4 of that
symbol. If the system of symbols is reducible in the sense of
the original definition it is in the sense of the new definition,
but not necessarily conversely, as appears for instance from
the following example, occurring in the foundations of
geometry.

Hilbert uses the following undefined symbols: ‘point,’ ‘line,’
‘plane,’ ‘incidence’ of point and line, ‘incilence’ of point and
plane, ‘between,’ and ‘congruent.’ Now it is possible to give
for the symbol ‘plane’ a symbolic definition in terms of the
other undefined symbols—for instance, a plane is a certain
class of points (as I’eano showed in 1892), or again, a plane is
a certain class of lines; while the notion ‘incidence’ of point
and plane receives convenient definition. Tt is apparent from
the fact that these definitions may be given in these two ways
that Hilbert’s system of undefined symbols is not in Padoa’s
sense irreducible, at least, in so far us the symbols ‘plane,’
‘incidence’ of point and plane are concerned—while it is
equally clear that these symbols are in the abstract geometry
superfluous.

In his dissertation on Euclidean geometry, Mr. Veblen, fol-
lowing the example of Pasch and Peano, takes as undefined
symbols ‘point’ and ‘between,’ or ‘point’ and ‘segment.”’ In
terms of these two symbols alone he expresses a set of inde-
pendent fundamental postulates of Luclidean geometry, in the
first place developing the projective geometry, and then as to
congruence relating himself to the point of view of Klein in
his 'Erlangen Programm,’ whereby the group of movements of
Euclidean geometry enters as a certain subgroup of the group
of collineations of projective geometry. ITere arises an in-
teresting question as to the sense in which the undefined sym-
bol ‘congruence’ is superfluous in the Luclidean geometry
based upon the symbols ‘point,’ ‘between.’ One sees at once
that a definition of ‘congruence’ involves parametric points in
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its expression, while on the other hand a definition of the
system of all *planes.’ that is, of the general concept ‘plane)’
fuvolves no such purametrie clements, But, again, just as
there exist distinet definitions of ‘congruence,’ owing to a
variation of the parametrie points, so there exist distinet
definitions of the general concept ‘plane,’ as was indicated a
moment ago,  One has the feeling that the state of affairs must
be as follows: In any interpretation of, say, Hilbert's symbols,
wherein the postulates of 1ilbert are valid, every valid state.
ment which does not involve the sybol ‘plane’ in direet con-
nection with the general logical symbol (=2) of symbolic defl-
nition, remning valid when we modify it in accordance with
cither of the definitions of *plane’ previously referred to. On
the other hand, this state of affairs does not hold for the sym-
bol *congruerce.’ The proof of the former statement would
seem to involve fundamental yogleal niceties,

The compatibility and the independence of the postilates
of a system of postulates of a speeinl deductive science have
been up to this time always made to depend upon the self.
consistency of some other deductive science; for instance,
geometry depends thus upon anulysis, or analysisx upon geom.
etry. The Tundamental amd still unsolved problem in this
direction is that of the direet proof of the compatibility of the
postulates of arithmetic, or of the real number system of
analysis. (To the soclety this morning Dr, Iuntington ex-
hibited two sets of independent postulates for this real number
system.) Thig isn the second of the twenty-three problems
listed by Hilbert in hix address before the Paris Mathematical
Congress of 1900,

The Italinn writers on abstract mathematica for the niost
part make use of Peano’s symbolism. One may be tempted to
feel that this symbolism iy not an essential part of their work.
Tt ig only right to state, however, that the symbolism is not
difficuit to learn, and that there is testimony to the effect that
the symbolism is actually of great value to the investigator
in vremoving from attention the conerete connotations of the
ordinary terms of general and mathematical language. Bat
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of course the essential difficulties are not to be obviated by the
use of any symbolism, however delicate.

Indeed the question arises whether the abstract mathema.
ticians in making precise the metes and boune of logic and
the special deductive sciences are not losing sight of the
evolutionary character of all life-processes, whether in the in-
dividual or in the race. Certainly the logicians do not con.
sider their science as something now fixed. All science, logic
and mathematics included, is a function of the epoch—all
science, in its ideals as well as in its achievements. Thus with
Hilbert let a special deductive or mathematical science be based
upon a finite number of symbols related by a finite number
of vompatible postulates, every proposition of the seience being
deducible by a finite number of logical steps from the postu-
lates, The content of this conception is far from absolute.
It involves what presuppositions as to general logic? What is
a finite number? In what sense is r postulate-—for example,
that any two distinct points determiie a line—a single postu-
late? What are the permissible logical steps of deduction?
Would the usual syllogistic steps of formal logic suffice?
Would they suffice even with the aid of the principle of math-
ematical induction, in which Poincaré finds* the essential syn.
thetic element of mathematical argumentation the basis of that
generality without which there would be no science? In what
sense is mathematical induction a single logical step of de-
duction?

One has then the feeling that the carrying out in an absolute
sense of the program of the abstract mathematicians will be
found impossible. At the same time, one recognizes the im-
portance attaching to the effurt to do precisely this thing.
The requirement of rigor tends toward essential simplicity of
procedure, as IHilbert has insisted in his Paris address, and
the remark applies to this question of mathematical logic and
its abstract expression.

Pure and Applied Mathematics.—In the ultimate analysis

*‘Sur la nature du ralsonnement mathématique,’ Revue de Méto
physique et de Morale, vol. 2 (1894), pp. 371-384.
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for any epoch, we have general logic, the mathematical aci-
ences,t that is, all special formally and abstractly deductive
self-cousistent sciences, and the natural sciences, which are
inductive ¢ d informally deductive. While this classification
may be satisfuctory as an ideal one, it fails to recognize the
fact that in mathematical research one by no means confines
himself to processes which are mathematical according to this
definition ; and if this is true with respect to the rescarch of
professional mathematicians, how much more is it true with
respect to the study, which should throughout be conducted in
the spirit of rescarch, on the part of students of mathematics
in the elementary schools and colleges and universities. I re-
fer to the articles* of Poincaré on the role of intuition and
logic in mathematical research and education.

It is apparent that this ideal classification can be made by
the devotee of science only wher he has reached a considerable
degree of scientific maturity, that perhaps it would fail to
appeal to non-mathematical experts, and that it does not ac-
cord with the definitions given by practical work in mathe-
maticians. Indeed, the attitude of practical mathematicians
toward this whole subject of abstract mathematics, and es-
pecialiy the symbolic form of abstract mathematics, is not un-
like that of the practical physicist toward the whole subject
of theoretic mathematics, and in turn not unlike that of the
practical engineer toward the whole subject of theoretical
physics and mathematics. Furthermore, every one under-
stands that many of the most important advances of pure
mathematics have arisen in connection with investigations
originating in the domain of natural phenomena.

Practically then it would seem desirable for the interests of
science in general that there should be a strong body of men

t0f vhich none is at present known to exist.

*‘La logique et l'intuition dans la sclence mathématique et dans 'en-
seignement,” L'Enseignement Mathématique, vol, 1 (1889), pp. 157-
162. 'Du role de l'Intuition et de la logique en mathématiques,’
Compte Rendu du Ieurieme Congreés International des AMathé-
maticiens, Paris (1800), 1902, pp. 115-130. ‘'Sur les rapports de
I'analyse pure et de la physique mathématique,’ Conference, Zurich,
1897; Acte Mathematica, vol. 21, p, 238,
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thoroughly possessed of the scientiflc method in both its in-
ductive and its deductive forms. We are confronted with the
questions: What is science? What is the scientific method?
What are the relations between the mathematical and the
natural scientitic provesses of thought? As to these questions,
I refer to articles and addresses of DPoincaré,® Boltzmannt
and Burkhardt,f and to Mach's ‘Science of Mechanies’ and
Pearson’s ‘Grammar of Science,’

Without elaboration of metaphysical or psychological de-
tails, it is sufticient to refer to the thought that the individual,
as confronted with the world of phenomena in his effort to
obtain control over this world, iy gradually forced to appreci-
ate a knowledge of the usual coexistences and sequences of
phenontena, and that science avises 24 the body of formulas
gerving to epitomize or summarize conveniently these usual
coexistences and sequences. These formulas are of the nature
of more or less exact descriptions of phenomena; they are not
of the nature of explanations. Of all the relations entering
into the formmulas of science, the fundamental mathematical
notions of numver and nreasure and form were among the earli-
est, and pure mathematices in its ordinary acceptation may be
understood to be the systematic development of the properties
of these notions, in accordance with conditions prescribed by
physical phenomena. Arithmetic and geometry, clesely united
in mensuration and trignnometry, early reached a high degree
of advancement. DBut after the development of the generaliz-
ing literal notation of algebra, and largely in response to the
insistent demands of mechanics, astronomy and physics, the
seventeenth cenwary, binding together arithmetic and geometry
infinitely more closely, created analytic geometry and the in-

*In additlon to those already cited: ‘On the Foundations of Geom-
etry," The Monist, vol. 9. October, 1808, pp. 1-43. ‘Sar les nrincipes
de In méeanique,’ Bibliothéque dw Congrés International de Plhilos-
ophie, vol 3, pp. 457-104.

t*Ueber (e Methoden der theoretischen Physik,” Dyck's Katalog mathe-
matischer und mathematisch-physikalischer Modelle, Apparate und
Instrumente, pp. SO-9%, Mnonich, 1892,

P Mathematisches und Naturwissenschaftliches Denken,” Jahresberichi
der Deutschen Math.-Ver., vol, 11 (1002), pp. 49-57.,
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finitesimal calculus, those mighty methods of research whose
application to all branches of the theoretical and practical
physical sciences so fundumentally characterizes the civiliza-
tion of to-day.

The eighteenth century was devoted to the development of
the powers of these new instruments in all directions. While
this development continued during the nineteenth century, the
dominant note of the nineteenth century was that of critical
reorganization of the foundations of pure mathematics, so
that, for instance, the majestic edifice of analysis was seen to
rest upon the arithmetic of positive integers alone. This re-
organization and the consequent course of development of pure
mathematics were independent of the question of the applica-
tion of mathematics to the sister sciences. There has thus
arisen a chasm between pure mathematics and applied math-
ematics. There have not been lacking, however, influences
making toward the bridging of this chasm; one thinks espe-
cially of the whole influence of Klein in Germany and of the
ficole Polytechnic in France. As a basis of union of the pure
mathematicians and the applied mathematicians, Klein has
throughout emphasized the importance of a clear understand-
ing of the relations between those two parts of mathematics
which are conveniently called ‘mathematics of precision’ and
‘mathematics of approximation,” and I refer especially to his
latest work of this character, ‘Anwendung der Differential
und Integral-Rechnung auf Geometrie: Eine Revision der Prin-
cipien’ (Gottingen, summer semester, 1901, Teubner, 1902).
This course of lectures is designed to present particular appli-
cations of the general notions of Klein, and furthermore, it is
in continuation of the discussion between Pringsheim and
Klein and others, as to the desirable character of lectures on
mathematics in the universities of Germany. :

Elementary Mathematics.—This separation between pure
mathematics and applied mathematics is grievous even in the
domain of elementary mathematics. In witness, in the first
place: The workers in physics, chemistry and engineering need
more practical mathematics; and numerous textbooks, in par-
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ticular, on calculus, have recently been written from the point
of view of these allied subjects. I refer to the works by Nernst
and Schoenflies,* Lorentz,t Perry,# and Mecllor,$ and to a book
on the very elements of mathematics now in preparation by
Oliver Lodge.

In the second place, I dare say you are all familiar with the
surprisingly vigorous and effective agitation with respect +9
the teaching of elementary mathematics which is at present
in progress in England, largely under the direction of John
Perry, professor of mechanics and mathematics of the Royal
College of Science, London, and chairman of the Board of
Examiners of the Board of Education in the subjects of en-
gineering, including practical plane and solid geonretry, applied
mechanics, practicl mathematics, in addition to more
technical subjects, and in this capacity in charge of the edu-
cation of some hundred thousand apprentices in English night
schools. The section on Education of the British Association
had its first session at the Glasgow meeting, 1901, and the
gession was devoted to the consideration, in connection with
the section on Mathematics and Physics, of the question of the
pedagogy of mathematics, and Perry opened the di..cussion by
a paper on ‘The Teaching of Mathematics’ A strong com-
mittee under the chairmanship of Professor Forsyth, of Cam-
bridge, was appointed ‘to report upon improvements that might
be effected in the teaching of mathematics, in the first instance,
in the teachi~g of elementary mathematics, and upon such
means as they think likely to effect such improvements.’ The
paper of Perry, with the discussion of the subject at Glasgow,

*Nernst und Schoenflies, ‘Binfithrung in die mathematische Behand.
lung der Naturwissenschaften' (Munich and Yeipsic, 1895): the
basis of Young and Linebarger's ‘Blements of Differential and In-
tegral Calculus,’ New York, 1900.

tLorentz, ‘Lehrbuch der Differential- und Integralrechnung,’ Leipsiec,
1900.

trerry. ‘Caleulus for Englneers' (second edition, London, E. Arnold,
1897) ; German translation by Fricke (Teubner, 1802). Cf. also
the citations given later on. .

§Meller, 'Higher Mathematics for Students of Chemistry and Physics,
with special reference to Practical Work,' Longmans, Green & Co.,
1002, pp. xxi+L13.
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and additions including the report of the committee as present-
ed to the British Association at its Belfast meeting, Septem-
ber, 1902, are cullected in a small volume, ‘Discussion on the
Teaching of Mathematics,’ edited by Professor Perry (Mac-
millan, second edition, 1902).*

One should consult the books of Perry, ‘Practical Mathe-
matics,’t ‘Applicd Mechanics,’$ ‘Cnlculus for Ingineers’d and
‘England’s Neglect of Science,’|| and his address* on ‘The Edu-
cation of Engineers’—and furthermore the filles from 1899 on
of the English journals, Nature, School World, Journal of
Education and Mathematical Gazette.

One important purpose of the English agitation is to relieve
the English secondary school teachers from the burden of a too
precise examination system, imposed by the great examining
bodies; in particular, to relieve them from the need of retain-
ing Euclid as the sole authority in geometry, at any rate with
respect to the sequence of propositions. Similar efforts made
in England about thirty years ago were unsuccessful. Ap-
parently the forces operating since that time have just now
broken forth into successfull activity; for the report of the
British Association committee was distinctly favorable, in a
conservative sense, to the idea of reform, and already note-
worthy initial changes have been made in the regulations for
the secondary examinations by the examination syndicates of
the universities of Oxford, Cambridge, and London.

The reader will find the literature of this English movement
very interesting and suggestive. For instance, in a letter to
Nature (vol. 65, p. 484, March 27, 1902) Perry mildly apologiz-
es for having to do with the movement whose immediate results

*Cf. also ‘Report on the Teaching of Elementary Mathematics issned
by the Mathematical Association,” G. Bell & Sons, London, 1902,

tPublished for the Board of Education by Eyre and Spottiswoode,
London. 1899,

iD. Van Nostrand Co., New York, 1808,

§Second edition, London. E. Arnold, 1897.

i'T. I'lsher Unwin, London. 1900.

*In opening the discussion of the sections on Engineering and on
Education at the Belfast, 1002, meeting of the British Association;
published in ScIENCE, November 14, 1902,
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are likely to be merely slight reforms, instead of thorough-
going reforms called for in his pronouncements and justified
by his marked success during over twenty years as a teacher
of practical mathematics. He asserts that the orthodox logi-
cal sequence in mathematics is not the only possible one; that,
on the contrary, a more logical sequence than the orthodox
one (because vne more possible of comprehension by students)
is bused upon the notions underlying the infinitesimal calculus
taken as axioms; for instance, that a map may be drawn to
scale; the notions underlying the many uses of squared paper;
that decimals may be dealt with as ordinary numbers. He as-
gerts as cssential that the boy should be familiar (by way of
experiment, illugtration, measurement, and by every possible
means) with the ideas to which he applies his logic; and more-
over that he should be thoroughly interested in the subject
studied ; and he closes with this peroration:
“‘Great God! I'd rather be
A pagan, suckled in a creed outworn.’

I would rather be utterly ignorant of all the wonderful liter-
aturc and science of the last twenty-four centuries, even of the
wonderful achievements of the last fifty years, than not to have
the sense that our whole system of so-called education is as
degrading to literature and philosophy es it is to English boys
and men.”

As a pure mathematician, I hold as the most important gug-
gestion of the English movement the suggestion of Perry’s,
just eited, that by emphasizing steadily the practical sides of
mathematics, that is, arithmetic computations, mechanical
drawing and graphical methods generally, in continuous re-
lation with problems of physics and chemistry and engineering,
it would be possible to give very young students a great body
of the essential notions of trigonometry, analytic geometry,
and the calculus. This is accomplished, on the one hand, by
the increase of attention and comprehension obtained by con-
necting the abstract mathematics with subjects which are
naturally of interest to the boy, so that, for instance, all the
results obtained by theoretic process are capable of check by
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laboratory process, and, on the other hand, a diminution of
emphasis on the systematic and formal sides of the instruction
in mathematics. Undoubtedly many matheriaticians will feel
that this decrease of emphasis will result in much, if not ir-
reparable, injury to the interests of mathematics. But I am
inclined to think that the mathematician with the catholic
attitude of an adherent of science, in general (and at any rate
with respect to the problems of the pedagogy of elementary
mathematics there would seem to be no other rational atti-
tude) will see that the boy will be learning to make practical
use in his scientific investigations—to be sure, in a naive and -
elementary way—of the finest mathematical tools which the
centuries have forged; that under skilful guidance he will
learn to be intarested not merely in the achievements of the
tools, but in the thecy of the tools themselves, and that thus
he will ultimately have a feeling towards his mathematics ex-
tremely different from that which is now met with only too
frequently—a feeling that mathematics is indeed itself a fun-
damental reality of the domain of thought, and not merely a
matter of symbols and arbitrary rules and conventions.

The American Mathematical Society—The American Math-
ematical Socicty has, naturally, interested itself chiefly in pro-
moting the interests of research in mathematics. Tt has, how-
ever, recognized that those interests are closely bound up with
the interests of education in mathematics. I refer in partic-
ular to the valuable work done by the committee appointed,
with the authorization of the Council, by the Chicago section
of the socicty, to represent mathematics in connection with
Dr. Nightingale's committee of 1899 of the National Edu-
cational Association in the formulation of standard curricula
for high schools and academies, and to the fact that two
committees are now at work, one appointed in December, 1901,
by the Chicago Section, to formulate the desirable conditions
for the granting, by institutions of the Mississippi valley, of
the degree of Master of Arts for work in mathematics, and the
other appointed by the society at its last summer meeting to
cooperate with similar committees of the National Education-
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al Association and of the Society for the Promotion of Engi-
neering Iiducation, in formulating standard definitions of
requirements in mathematical subjects for admission to colleges
and technological schools; and furthermore I refer to the fact
that (although not formally) the society has made a valuable
contribution to the interests of secondary education in that the
College Entrance Examination Board has as its secretary the
principal founder of the society. I have accordingly felt at
liberty to bring to the attention of the society these matters
of pedagogy of elementary mathematics, and I do so with the
firm conviction that it would be possible for the society, by
giving still more attention to these matters, to further most
effecively the highest interests of mathematics in this country.
A VISIGN

An Invitation—The pure mathematicians are invited to
determine how wmathematics is regarded by the world at large,
including their colleges of other science departments and the
students of elementary mathematics, and to ask themselves
whether by modification of method and attitude they may not
win for it the very high position in general esteem and appreci-
ative interest which it assuredly deserves.

This general invitation and the preceding summary view
invoke this vision of the future of elementary mathematics in
this country.

The Pedagogy of Elementary Mathematics.—We survey the
pedagogy of elementary mathematics in the primary schools,
in the secondary schools and in the junior colleges (the lower
collegiate years.) It is, however, understood that there is a
movement for the enlargement cf the strong secondary schools,
by the addition of the two years of junior college work and by
the absorption of the last two or three grades of the primary
schools, into institutions more of the type of the German
gymnasia and the French lycée;* in favor of this movement

*A8 to the mathematics of these institutions, one mnay conusult the honk
on “The Teaching of Mathematics in the Hizher School of Prussia’
{New York, Longmans, Green & Co., 19000) by Professor Young,
and the article (Bulletin dmer, Math. Soe. (2), vol. 8, p. 225) by
Professor Ulerpont.
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there are strong arguments, and among them this, that in such
institutions, especially if closely related to strong colleges or
universities, the mathematical reforms may the more easily be
carried out.

The fundamental problem is that of the unification of pure
and applied mathematics. If we recognize the branching im-
plied by the very terms ‘pure,’ ‘applied,’ we have to do with a
special case of the correlation of different subjects of the cur-
riculum, & central problem in the domain of pedagogy from the
time of Herbart on. In this case, however, the fundamental
golution is to be found rather by way of indirection—by ar-
ranging the currirulum so that throughout the domain of
elementary mathematics the branching be not recognized.

The Primary Schools.—Would it not be possible for the
children in the grades to be trained in power of observation
and experiment and reflection and deduction so that always
their mathematies should be directly connected with matters
of thoroughly concrete character? The response is immediate
that this is being done to-day in the kindergartens and in the
better elementary schools. I understand that serious difficul-
ties wrise with children of from nine to twelve years of age,
who are no longer contented with the simple, concrete methods
of earlier years and who, nevertheless, are unable to appreciate
the more abstract methods of the later years. These difficul-
ties, some say, are to be met by allowing the mathematics to
enter only implicitly in connection with the other subjects of
the curriculum. But rather the material and methods of the
mathematics should be enriched and vitalized. In particular,
the grade teachers must make wiser use of the foundations fur-
nished by the kindergarten. The drawing and the paper fold-
ing must lead on directly to systematic study of intuitional
geometry,* including the construction of models and the cle-
ments of mechanical drawing, with simple exercises in geo-

*Here I refer to the very suggestive paper of Benchara Branford, en-
titled *Measurement and Simple Surveying. An Experiment in the
Teaching of Elemeutary Geometry' to a small class of beginners
of about ten years of ave (Journal of Education, London, the first
part appearing in the number for August, 1899.)
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metrical reasoning. The geometry must be closely connected
with the numerical and literal arithmetic. The cross-grooved
tables of the kindergarten furnish an especially important type
of connection, viz, a conventional graphical depiction of any
phenomenon in which one magnitude depends upon another.
These tables and the similur cross-section blackboards and
paper must enter largely into all the mathematics of the
grades. The children are to be taught to represert, according
to the usual conventions, various familiar and interesting
phenomena and to study the properties of the phenomena in
the pictures: to know, for example, what concrete meaning
attaches to the fact that a graph curve at a certain point is
going down or going up or is horizontal. Thus the problems
of percentage—interest, etc.—have their depiction in straight
or broken line graphs.

The Secondary Schools.—Pending the reform of the primary
schools, the secondary schools must advance independently.
In these schools at present, according to one type of arrange-
ment, we find algebra in the first year, plane geometry in the
second, physics in the third, and the more difficult parts of
algebra and solid geometry, with review of all the mathematics
in the fourth.

Engineers* tell us that in the schools algebra is taught in
one water-tight compartment, geometry in ancther, and physics

*Why is it that one of the sanest and best-informed sciontific men
living. 4 man not himself an engineer, can charge mathematiclans
with Killing off every engineering school on which they can lay
hands? Why do engineers so strongly urge that the mathematical
courses In engineering schools be given hy practical engineers?

And why ean a reviewer of ‘Some Recent Books of Mechanies'
write with truth: “The students’ previous training in algebra,
geonme'ry, trizonometry, analytic geometry and ealenlus ag it is
generally tanght has been necessarily quite formal. These mighty
algorithms of formal mathemntics nminst be learned so that they ean
be applied with readiness and precision. Bnt with mechanies
comes the application of these algorithms, and formal, do-hy-rote
methods. though often possible, yield no results of permanent value.
How to elicit and cultivate thought is now of primary importance”?
(IL. B, Wilson, Bulletin Amer, 3ath. Soc,, October, 1902.) But is
it concelvable that in any part of the edueation of the student the
problemn of eliciting and cultivating thought should not be of
primary importance?
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in another, and that the student learns to appreciate (if ever)
only very late the absolutely close counection between these
different subjects, and then, if he credits the fraternity of
teachers with knowing the closeness of this relation, he blames
them most heartily for their unaccountably stupid way of
teaching him. If we contrast this state of affairs with the
state of affairs in the solid four years’ course in Latin, I think
we are forced to the conclusion that the organization of in-
struction in Latin is much more perfect than that of the in-
struction in mathematics.

The following question arises: Would it not be possible to
organize the algebra, gcometry and physics of the secondary
school into @ thoroughly coherent four years’ course, compar-
able in strength and closeness of structure with the four years’
course in Latin? (ITere under physics T include astronomy,
and the more nathematical and physical parts of physiog-
raphy.) It would seem desirable that, just as the systematir
development of theoretical mathematics is deferred to a later
period, likewise much of theoretical physics might well be
deferred. Let the physics also be made thoroughly practical.
At any rate, so far as the instruction of boys is concerned, the
course should certainly have its character largely determined
by t' » conditions which would be imposed by engineers. What
kind of two or three years’ course in mathematics and physics
would a thoroughly trained engineer give to boys in the sec-
ondary school? Let this body of material postulated by the
engineer serve as the basis of the four years’ course. Let the
instruction in the course, however, be given by men who have
received expert training in mathmatics and physics as well
as in engineering and let the instruction be so organized that
with the development of the boy, in appreciation of the prac-
tical relations, shall come simultaneously his development in
the direction of theoretical physics and theoretical mathe-
matics.

Perry is quite right in insisting that it is scientifically legit-
imate in the pedagogy of clementary mathematics to take a
large body of basal principles instead of a small body and to
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build the edifice upon the larger body for the earlier years,
reserving for the later years the philosophic criticism of the
basis itself and the reduction of the basal system.

To consider the subject of geometry in all briefness: with
the understanding that proper emphasis is laid upon all the
concrete sides of the subject, and that furthermore from the
beginning exercises in informal deduction* are introduced in.
creasingly frequently, when it comes to the beginning of the
more formal deductive geometry why should not the students
be directed each for himself to set forth a body of geometric
fundamental principles, on which he would proceed to erect
his geometric edifice? This method would be thoroughly prac-
tical and at the same time thoroughly scientific. The various
students would have different systems of axioms, and the dis-
cussions thus arising naturally would make clearer in the
minds of all precisely what are the functions of the axioms in
the theory of geometry. The students would omit very many
of the axioms, which to them would go without saying. The
teacher would do well not to undertake to make the system of
axioms thoroughly compiete in the abstract sense. “Sufficient
unto the day is the precision thereof.” The student would very
probably wish to take for granted all the ordinary properties
of measurement and of motion, and would be ready at once
to accept the geometrical implications of coordinate geometry,
ITe could then be brought with extreme ease to the consider-
ation of fundamental notions of the calculus as treated con-
cretely, and he would find those notions delightfully real and
powerful, whether in the domain of mathematics or of physics
or of chemistry,

To be sure, as Study has well insisted, for a thorough com-
prehension of even the elementary parts of Euclidean geometry
the non-Euclidean geometries are absolutely essential. DBut

*In an article shortly to appear in the Educational Reriete, on "The
Psychologionl and the Logleal in  the Teaching of Geometry,
Professor John Dewey, calling attention to the evolutionary char-
acter of the education of an individual, insists that there should
be no abrupt transition from the Introductory, intuitional geometry
to the systematic, demonstrative geometry.
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the teacher is teaching the subject for the beneiit of the stu.
dents, and it must be admitted that beginners in the study of
demonstrative geometry can not appreciate the very delicate
considerations involved in the thoroughly abstract science,
Indeed, one may conjecture that, had it not been for the
brilliant success of Euelid in his effort to organize into a
formally deduetive system the geometric treasures of his times,
the advent of the reign of science in the modern sense might
not have been so long deferred. Shall we then hold that in
the schools the teaching of demonstrative geometry should be
reformed in such a way as to take account of all the wonder-
ful discoveries which have been made—many even recently—
in the domain of abstract geometry? And should similar re-
forms be made in the treatment of arithmetic and algebra?
To make reforms of this kind, would it not be to repeat more
gloriously the error of those followers of Euclid who fixed his
‘Elements’ as ¢ oxtbook for elementary instruction in geo-
metry for over wo thousand years? Ivery one agrees that
professional mathematicians should certninly take account of
these great developments in the technical foundatious of math-
ematics, and that ample provision should be made for instruc.
tion in these matters; and on reflection, every one agrees furth-
er that this provision should be reserved for the later collegiate
and university years,

The Leboratory Method.—This program of reform calls for
the development of a thoroughgoing laboratory system of in-
struction in mathematics and physics, a principal purpose be-
ing as far as possible to develop on the part of every student
the true spirit of research, and an appreciation, practical as
well as theoretice, of the fundamental methods of science.

In connection with what has already been said, the general
suggestions I now add will, T hope, be found of use when one
enters upon the questions of detail involved in the organization
of the course,

As the world of phenomena receives attention by the individ.
ual, the phenomena are described both graphically and in
terms of number and measure; the number and measure re-
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latlons of the phenomeua enter fundamentally into the graph-
ical depiction, and furthermore the graphical depiction of the
phenomena serve: powerfully to illuminate the relations of
number and measure. This is the fundamental scientific point
of view. Ilere under the term graphical depiction I include
representation by models.

To provide for the needs of laboratory instruction, there
should be regularly assigned to the subject two periods, count-
ing as one period in the curriculum.

As to the possibility of effecting this wnificution of mathe-
matics and physics in the secondary schools, objection will be
made by some teachers that it is impossible to do well more
than one thing at a time. This pedagogic principle of con-
centration is undoubtedly sound. One must, however, learn
how to apply it wisely. Ior instance, in the physical labor-
atory it is undesirable to introduce experiments which teach
the use of the calipers or of the vernier or of the slide rule.
Instead of such uninteresting experiments of limited purpose,
the students should be directed to extremely interesting prob-
lems which involve the use of these instruments, and thus be
led to learn to use the instruments as a matter of course, and
not us a matter of difficulty. Just so the smaller elements of
mathematical routine can be made to attach themselves to
laboratory problems, arousing and retaining the interest of the
students. Again, everything exists in its relations to other
things, and in teaching the one thing the teacher must illumin-
ate these relations.

Livery result of importance should be obtained by at least
two distinct methods, and every result of especial importance
by two essentially distinct methods. This is possible in math-
ematics and the physical sciences, and thus the student is made
thoroughly independent of all authority.

All results should be checked, if only qualitatively or if only
‘to the first significant figure.’ In setting problems in prac-
tical mathematies (arithmetical computation or geometrical
construction) the teacher should indicate the amount or per-
centage of error permitted in the final result. If this amount
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of percentage is chosen conveniently in the different examples,
the student will be led to the general notion of closer and
closer approximation to a perfectly definite result, and thus in
a practical way to the fundamental notions of the theory of
limits and of irrational numbers. Thus, for instance, uni-
formity of convergence can be taught beautifully in connection
with the concrete notion of area under a monotonic curve be-
tween two ordinates, by a figure due to Newton, while the in.
terest will be still greater if in the diagram area stands for
work done by an engine.

The teacher should lead up to an important theorem
gradually in such a way that the precise meaning of the
statement in question, and further, the practical, i. e., com-
putational or graphical or experimental—truth of the theorem
is fully appreciated; and, furthermore, the importance of the
theorem is understood, and, indeed, the desire for the formal
proof of the proposition is awakened, before the formal proof
itself is developed. Indeed, in most cases, much of the proof
should be secured by the research work of the students them-
selves.

Some hold that absolutely individual instruction is the
ideal, and a laboratory method has sometimes been u ed for
the purpose of attaining this ideal. The laboratory method
has as one of its clements of great value the flexibility which
permits students to be handled as individuals or in groups.
The instructor utilizes all the experience and insight of the
whole body of students. He arranges it so that the students
consider that they are studying the subject itself, and not
the words, either printed or oral, of any authority on the
subject.  And in this study they should be in the closest
cooperation with one another and with their instructor, who
is in a desirable sense one of them and their leader. Instrue-
tors may fear that the brighter students will suffer if en-
couraged to spend time in cooperation with those not so
bright. Dut experience shows that just as every teacher
learns by teaching, so even the brightest students will find
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themselves much the gainers for this cooperation with their
colleagues.

In agreement with Perry, it would seem possible that the
student might be brought into vital relation with the
fundamental elements of trigonometry, analytic geometry
and the calculus, on condition that the whole treatment in its
origin is and in its development remains closely associated
with thoroughly concrete phenomena. With the momentum
of such practical education in the methods of research in the
secondary school, the college students would be ready to
proceed rapidly and deeply in any direction in which their
personal interests might lead them. In particular, for
instance, one might expect to find effective interest on the
part of college students in the most formal abstract mathe-
matics.

For all students who are intending to take a full secondary
school course in preparation for colleges or technological
schools, I am convinced that the laboratory method of in-
struction in mathematics and physies, which has been briefly
suggested, is the best method of instruction—for students in
general, and for students expecting to specialize in pure
mathematics, in pure physics, in mathematical physics or
astronomy, or in any branch of enginecering.

Evolution, not Revolution.—In contemplating this reform
of secondary school instruction we must be careful to re-
member that it is to be accomplished as an evolution from
the present system, and not as a revolution of that system.
Even under the present organization of the curriculum the
teachers will find that much imjrovement can be made by
closer cooperation one with another; by the introduction, so
far as possible, of the laboratory two.period plan; and in
any event by the introduction of laboratory methods; lab-
oratory record books, crosssection paper, computational and
graphical methods in general, including the use of colored
inks and chalks; the cooperation of students; and by laying
emphasis upon the comprehension of propositious rather than
upon the exhibition of comprehension,
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The Junior Colleges—Just as secondary schools should
begin to reform without waiting for the improvement of the
primary schools, 8o the elementary collegiate courses should
be modified at once without waiting for the reform of the
secondary schools, And naturally, in the initial period of
reform, the education in each higher domain will involve
many elements which later on will be transferred to a lower
domain.

Further, by the introduction into the junior colleges of the
laboratory -method of instruction it will be possible for the
colleges and universities to take up a duty which for the
most part has heen neglected in this country. For, although
we have normal schools and other training schools for those
who expect to teach in the grades, little attention has as yet
been given to the training of those who will become secondary
school teachers. The better secondary schools of to-day are
securing the services of college graduates who have devoted
special attention to the subjects which they intend to teach,
and as time gocs on the positions in these schools will as a rule
be filled (as in France and Germany) by thcse who have
supplemented their college course by several years of univer-
sity work. Here these college and university graduates pro-
ceed at once to their work in the secondary schoolt. Now in
the laboratory courses of the junior college, let those students
of the senior college and graduate school who are to go into
the teaching carecr be given training in the pedagogy ot mathe-
matics according to the laboratory system; for such a student
the laboratory would be a laboratory in the pedagogy of muthe-
maties; that is, he would be a colleague-assistant of the in-
structor. By this arrangement, the laboratory instruction of
the colleges would be strengthened at the same time that well
equipped teachers would be prepared for work in the secondary
schools,

The Freedom of the Secondary Schools.—The secondary
schools are everywhere preparing students for colleges and
technological schools, and whether the requirements of those
institutions are expressed by way of examination of students



b4 The First Yewrbook

or by way of the conditions for the accrediting of schools or
teachers, the requirements must be met by the secondary
schools. The stronger secondary school teachers too uften
find themselves shackled by the specific x-equiﬁements imposed
by local or college authorities. Teaching must become more
of a profession. And this implies not only that the teacher’
must be better trained for his career, but also in his career
he be given with greater freedom greater responsibility, To this
end closer relations should be estahlished between the teachers
of the colleges and those of the secondary schools; standing
provisions should he made for conferences as to improvement
of the secondary school curricula and in the collegiate ad-
mission requirements; and the leading secondary school
teachers should be steadily encouraged to devise and try out
plans looking in any way toward improvement.

Thus the proposed four vears’ laboratory course in mathe-
matics and physics will come into existence by way of evolu-
tion. In a large secondary school, the strongest teachers, find-
ing the project desirable and feasible, will establish such a
course alongside the present series of disconnected courses—
and as time goes on their success will in the first place stimu-
late their colleagues to radical improvements of method under
the present organization and finally to a complete reorganiza-
tion of the courses in mathematics and physics.

The American Mathematical Socicty.—Do you not feel with
me that the American Mathematical Society, as the organie
representative of the highest interests of mathematics in this
country, should be directly related with the movement of re-
form? And, to this end, that the society, enlarging its member-
ship by the introduction of a large body of the strongest
teachiers of mathematics in the secondary schoolg, should give
continuous attention to the question of improvement of educa-
tion in mathematics, in institutions of all grades? That there
is need for the careful consideration of such questions by the
united body of experts, there is no doubt whatever, whether
or not the general suggestions which we have been considering
this afternoon turn out to bhe desirable and practicable. In
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cane the question of pedagogy does come to be an active one, the
society might readily hold its meetings in two divisiont --a
division of research and a divison of pedagogy.

Furthermore, there is evident need of a national organiza-
tion having its center of gravity in the whole body of science
instructors in the secondary schools; and those of us in-
terested in these questions will naturally relate ourselves also
to this organization. It is possible that the newly formed
Central Association of Physics Teachers may be the nucleus
of sucy n organization.

CONCLUSION

The successful execution of the reforms proposed would
gseem to be of fundamental importance to the development of
mathematics in this country. I urge that individuals and
organizations proceed to ¢he consideration of the general
question of reform with all the related questions of detail.
Undoubtedly in many parts of the country improvements in
organization and methods of instruction in mathematics have
been made these last years. All persons who are, or may
become, actively interested in this movement of reform shoald
in some way unite themselves, in order that the plans and the
experience, whether of success or failure, of one may be im-
"mediately made available in the guidance of his colleagues.

I may refer to the centers of activity with which I am
acquainted. Miss Edith Long, in charge of the Departarent
of Mathematics in the Lincoln (Neb.) High School, reports
upon the experience of several years in the correlation of
algebra, geometry and physics, in the October, 1902, number of
the Educational Review. In the Lewis Institute of Chicago,
IP’rofessor I’. B. Woodworth, of the Department of Electrical
ingincering, has organized courses in engineering principles
and electrical engineering in which are developed the funda-
mentals of practical mathematics. The general question came
up at the first meeting® (Chicago, November, 1902) of the

*Subsequent to the meeting of organization in the spring of 1902. Mr.
Chas. II Smith of the Hyde Park High School, Chicago, 1s president
of the Associatlon. Reports of the meetings are given in Schonl
Seience (Raven: wood, Chicago.)
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Central Association of Physics Teachers, and it is to be
expected that this association will enlarge its functions in
such a way as to include teachers of mathematics and of all
sciences, and that the question will be considered in its various
bearings by the enlarged ussociation. At this meeting in-
formal reports were made from the Bradley Polytechnic Insti-
tute of Peoria, the Armour Institute o, Technology of Chicago,
and the University of Chicago. The question is evoking
much interest in the neighborhood of Chicago.

I might explain how I came to be attracted to this question
- of pedagogy of elementary mathematics. I wish, however,
merely to express my gratitude to many mathematical and
scientific friends, in rarticular, to my Chicago colleagues, Mr.
A. C. Lunn and Professor C. R. Mann, for their cooperation
with me in the consideration of these matters, and further to
express the hope that we may secure the active cooperation of
many colleagues in the domains of science and of administra- -
tion, so that the first carefully chosen steps of a really im-
portant advance movement may be taken in the near future.

I close by repeating the questions which have been engaging
our attention this afternoon.

In the development of the individual in his relations to the
world, there is no initial separation of science into constituent
parts, while there is ultimately a branching into the many
diatinct sciences. The troublesome problem of the closer
relation of pure mathematics to its applications: can
it not be solved by indirection, in that through the
whole course of elementary mathematics, including the intro-
duction to the calculus, there be recognized in the organization
of the curriculum no distinction between the various branches
of pure mathematics, and likewise no distinction between pure
mathematics and its principal applications? Further, from
the standpoint of pure mathematics: will not the twentieth
century find it possille {o give to young students during their
impressionable years, in thoroughly concrete and captivating
form, the wonderful new notions of the seventeenth century?

By way of suggestion these questions have been answered
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in the affirmative, on condition that there be established a thor-
oughgoing laboratory system of instruction in primary schools,
secondary schools and junior colleges—a laboratory system
involving a synthesis and development of the best pedagogic
methods at present in use in mathematics and the physical
Bciences,



SUGGESTIONS FOR THE SOLUTION OF
AN IMPORTANT PROBLEM THAT
HAS ARISEN IN THE LAST
QUARTER OF A CENTURY*

By RALeiGH ScHORLING

INTRODUCTION

It is hoped that the general theme of this program will prove
interesting and profitable but it is not likely that we can ac-
curately judge the significance of the various movements that
have grown out of the last twenty-five years, We are probably
too close to the picture to see it in its true perspective. It is,
nevertheless, interesting to speculate as to what the future
student of history will write about our times.

Progress comes through people. I believe that no true
appraisal of the last twenty-five years can be written with-
out associating the contributions with the personalities
responsible for them.

We can only guess what will be the list of names which
will persist. But it is fairly safe to guess that the name of
Professor E. H. Moore will be first. Not quite twenty-five
years ago he delivered the address, reprinted in this volume,
which profoundly stimulated progressive thinking on the
teaching of high school mathematics. I often find it most
interesting to read this address and to note the many issues
clearly sounded there which still challenge our best efforts.
We have not yet achieved the goals set up for us in that
brilliant vision. May I mention just a few valuable
things that seem to me to have come to us from Professor

*At the annual meeting held in Cincinnati, C.lo, (1925) the National
Council of Mathematics Teachers passed a motion directing the
president to deliver an address at the next meeting.

% -
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Moore's address. Directly it stimulated the teaching of
intuitive, or experimental geometry in this country. Tt
started a vigorous reaction to the formalism found in the
algebra of Wentworth. It placed emphasis upon the inter-
relations which a thoughtful teacher can build between the
topies chosen from various branches, arithmetic, algebra,
geometry, and trigonometry.

At this time it secems reasonably safe to add a few more
names. To Professor George Myers belongs the credit for
initinting and directing the pioneer eftort to formulate the
inter-relations of the various branches for the use of the class-
room teachers. The Iinglish writer, Nunmn, is little known by
American teachers but I predict his place also as being secure.
In his writings he exhibits a marvelous insight as to how
children master the introductory concepts of mathematics.
About ten years ago American texts for children began to show
the influence of Nunr More recently he has affected the
pedagogical writings of some American anthors. Nor can there
be any question about John Dewey. Ile has probably changed
the teaching of mathematics and all the other school subjects
more than any other living man. To him we owe such guiding
principles as we now accept. It was Dewey who started us
teaching children instead of school subjects, and it was Dewey
who said “Education is not preparation for life but is Life.”
To the psychological group we are indebted for the system-
atization and formulation of certain general laws of learning
80 as to be genuinely helpful to the teachers of special subjects.
As a result writers have keener insight into the manner in
which children learn and are able to state problems closer to
the pupil’s point of view. This contribution is valuable in this
day when our secondary schools are crowded with pupils who
have little background and experience and less ability for
mathematical training. The contribution of J. W. Young to
the work of the National Committee on Mathematical Re-
quirements will surely gain him a place on the list of out-
standing contributors of this quarter of a century. As a mem-
ber of that committee I testify to the value of his services.
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His gift lay, so it scemed to me, in his rare ability to take
home with him the conflicting views of others and in a few
weeks return these formulated so skillfully as to be acceptable
to all,—and that without compromise or sacrifice of the fun-
damental principles. Often people differ only in terminology
rather than in purposes. It was most fortunate for the
teachers of mathematics in our secondary schools that a man
of Professor Young’s standing and ability was willing to sac-
rice several years of his life in devotion to our problems. To
David Eugene Smith we are indebted for creating a mine of
information in the history of mathematics that surely someone
will sooner or later make available to our girls and boys.
There must be many who hope as I do that Professor Smith
will make this his own crowning achievement. It would be
futile to extend this list of distinguished contributors to what-
ever progress has been achieved in these twenty-five years. Ay
I have already implied, no one should take the preceding pre-
dictions too seriously as this brief list is given merely by way
of illustration.

By action taken at the last annual meeting at Cincinnati,
I, as retiring president, am obligated to deliver this address.
Since no subject was assigned, I chose the general theme of
the yearbook with an emphasis on what seems to be a crucial
problem. This problem has arisen from the changing con-
ditions which have crowded over three million girls and boys,
one in every three of high school age, into the schools.

The Problem: How to Improve the Quality of Scholarship.

The most significant factor in the present situation I be-
lieve to be our realization of the very low mastery achieved
in the secondary schools,—in both the junior and senior high
school grades. For years we have heard sharp criticism
coming from the business world, indictments Ly college
teachers of mathematics, and resentment expressed by admin-
istrators at the high number of pupil failures but it remained
for a by-product of the testing movement really to open our
eyes, It is now possible to turn to many elements drawn from



Improving the Quality of Scholarship 61

numerous tests which have been given to thousands of children
in many communities. KFor evidence on this point consider
first the following table drawn from a more extensive one
recently completed by the writer. The complete Inventory*
Test consisting of 125 elements was submitted to many chil
dren. The table given includes some of the elements in the
Inventory Test and also the percentage of correct responses
for 3,260 beginning seventh grade pupils. The iable should
be interpreted as follows:

Of the 3,260 pupils tested, approximately 83.3 per cent re-
sponded correctly to the situation “Write 3 per cent as a
decimal.,” Looking at task number 84, we sce less than
half the pupils (more accurately 47.5%) were able to write
0.125 as a common fraction.

MASTERY IN ARITHMETIC

Percentage of Core

Test Elelmenta rect Responses
70. Write 39, as a decimal. Ans......... e 70. 85.3
71, Write 614%, as adecimal. Ans.,,................... 71. 644
72. Write 4 as per cent. Ans........... e e 72. 358
73. Write 025 asper cent. AnS.........o.oviriuininn.. 73. 372
74. Write Y{asadecimal. Ans............ooiiuininnn.. 74. 66.6
75. Write }{asadecimal, Ans......................... 75. 714
76. Write3fasadecimal. Ans......................... 76. 748
77. Write lsaspercent. Ans................. ... ... 77. 735
78. Write l{aspercent. Ans......o.ovieiiiiiiiinin... T 741
79. Write Jgaspercent. Ans........................... 70.1
80. Write ldasadecimal. Ans..........cooovinninnn... o). 629
81. Write g asadecimal. Ans......................... 81. 55.4
82, Write ¢y asadecimal. Ans...................... 82. 35.6
83. Write .25 as a common fraction. Ans................ 83. 81.3
84. Write .125 as 2 common fraction. Ans............... 84, 47.5
85. Write .06} as a common fraction. Ans.............. 85. 27.2
86. Whatis 3% of 2002 Ans.............ccoiiiiiiiiin.. 86. 59.7
87. The ratio of 1 to 2 is equal to the ratio of 5to......... 87. 33.0
88. The interest on $200 for 3 years at 4%, is$. . ....... .. 88. 60.8

89. Fred Stone found that 5 percent of 200 is 10. What
number is the percentage? Ans.................... 80. 193

90. Fred Ston2 found that 5 per cent of 200 is 10, What
number isthe base? Ans......................... 90. 48.0

91, Theodore \*oosevelt was born Qctober 27, 1858, and died

Junuary b, 1C19. His age was ............ years,
e, months, ............ days............ 8l. 29.7

*For a more extensive discussion see “A Tentative List of Objectives in
the Teaching of Junjor High School Mathematics, with Investiga.
tions for the Determining of Their Validity.” George Wahr, Pub.
lisher, Ann Arbor. Mich.
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The next table may give the reader a clearer picture of what
was included in our Inventory Test for there the tasks are
chosen from different sections of the test. As in the preced-
ing table the figures in the column at the right indicate the
percentage of correct responses from 3260 pupils.

Note that in task number 76 less than 75 per cent were able
to write 3’4 as a decimal. Only abont two out of every
five pupils were able to respond correctly to the question

OTHER I'TEMS OF TIIIZ INVENTORY TIEST*

51. Look at *bis 5 A 4 = 20. Which number is called the product?,. (78 4)
4

2, Write in figures: Pifty-nine and three hundredths. .. ......... (76.1)
5. One gallon equals how many pintss .. ... oo (75.6)
. Write 3ynvadecimal, oo oo o (74.8)
T7. Write Jaas percent. « o i i e e (73.5)
56, Lifty per cent of a number is the same as what part of that
nunber?. ... e et e e (71.4)
T4oOWrite lpasadedimal . oo e (66.8)
88, ‘The interest on 8200 for 3 years at 425188, ... ... (60.8)
7. One square foot equnls how many square inches?. . . ... ... .. .. (60.3)
96. Draw u figure to show that you know the meaning of the word
L £10 174 S P e (59.8)
86, What i3 3% of 2000 . oo i i i e (59.7)
18, April has........ duys; November has........ days; July has
........ 8 B AP €17 MV
65. What must you do to find 24 of % Do you add? 1f not, what
must you dod . o e i e e e (54.9)
SR, ComBANR. . . it i i e e et e (51.4)
32. If you have the produet of two numbers, how can you tind the
other number? . e i e i s 44.5)
117. Beable to identify a check when a check is shown............. (43.4)
99. Draw u figure to show the meaning of “right angle.”........... (43.0)
36. What is the averageof 4,6, 8and 10?...............covvve . (42.7)
29. Moving the decimal point one place totheleft.............. the
number by 10..... P (42.1)
40. Does 45396 + 10 equal 4.898, or 48.96, or 439.6, or 48987 Draw
a circle around the right number. ... ... ... . o0 i, (35.5)

“What is the average of 4, 6, 8, and 10?” The preceding table
iy of special inierest because 146 experienced teachers, when
asked to check the items of the complete test which they felt

*For dincrams and illustratlons see copy of the Schorling-Clark-Rugg
Inventory Test, Gazette I'ress, Yonkers, New York.
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sure pupils in the beginning of the seventh grade should know
with nearly 100 per cent accuracy, chose among other items
those appearing in that table.

The elements of the Inventory Test were chosen on the
following bases: (1) Appearance in courses of study.  (2) The
judgments of twenty-nine writers of arithmetics.,  Moreover, it
is important to remember that this test was practically an
untimed test.

A few of the questions have subtleties, or were stated in
unfamiliar forms, but on the whole the tasks were simple for
seventh grade children. Week after week and year after year
some of these tasks are given systematic drill to fix certain
gkills. It is said socicty spends f.oom one-fourth to one-fifth of
the money devoted to the intermediate grades in the teaching
of arithmetic. So we may ask whether anything learned to the
point where less than sixty per cent of the children respoud
accurately while the material is fresh in mind is worth very
much to society.

THE SUMMARY TABLE
The Table which follows represents a summary of the re-

SUMMARY TABLE

No. of
Per cent Elements
BT00 . . oot e e e e e e 8
Bl 0. i e e e 12
70~ B0, . e 14
B0 T0. ot e e e 10
B0 B0 .. o e e e et e e 14
A0 B0 . i e e e 22
B 0. . e e e 14
b 0 14
L0 20 e e e e e 12
L 1 5

125

sults of the Inventory Test. The table should be interpreted as
follows: There were only eight tasks in the Inventury Test that
as many ax 90% of the pupils tested could do. There were
twelve exercises that received from 80% to 90% correct re-
sponses. There were five tasks so difficult that less than 10%
of the pupils succeeded in cach.
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Are We Satisfied with Low Standards?

Many European visitors to our schools, though they may be
enthusiastic about many excellent characteristics, are vigor-
ous in their indictment expressed in such phrases as: “You
foster half learning™; “You are satistied with low standards”;
“You do not fix habits™; and, “There is no question that you
can ask your children that any considerable number of them
will know.” It is not clear what is meant by “half learning.”
Perhaps it means that half of the children learn all the things
that we try to teach them, or that half of the things are
learned by all the children. The table suggests that neither
happens. A few of th' items in the test are learned by nearly
all the children, a few elements are mastered by only a few
children, and a large number of tasks (the mode) falls be-
tween 409 to 509 mastery. In fact, the Inventory Test re-
sulted in something very close to a normal distribution. By
way of summary, it may be stated that the total number of
tasks getting 50% correct responses is 58 out of 125—Iless
than Lalf the test. If by half learning is meant that each and
every one of half the number of outcomnes is mastered by less
thar half the pupils, there is evidence that the criticism is
none toc harsh. In fact, we do not achieve anything like half
learning in this sense. We are driven to admit that pupils
lack mastery of the essentials of arithmetic.

Does the Same Condition of Low Achicvement Hold in Ninth
Grade Algebra?

On this point we can speak quite definitely for Thorndike
has reported a similar study on the strength of algebraic con-
ne-tions.* He reports on twenty-cight tasks. His table in-
cludes records secured from ten schools though the number
of pupils tested is not given. The table on the next page shows
the results secured on six of the tasks by cthe four lowest
schools. The percentages given are those for correct responses.

It iz true that some of the required tasks might be cviti
cized as including subtleties that are not ordinarily touched

*“The Psychology of Algebra,” Chapter XII.
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by dvill.  Thus the arrangement in Exercise 4 adds to the
difticalty., .\ divection or a challenge of some sort conlid well
have been added to Exercise 9. Teachers do not give much
praciice on seeh equations as are represented in Fxereise 26,
ad the statement for Byercise 27 conld prohahly be improved,
Indend, it is likely that Thorndike used these subtleiies to
demonstrate to teachers the need for more varied drill, On

MASTERY OFF ALGEDBRA

Percentave of Correct
Maiutied from Thorndike's Table Responses

(4) From Ja—bh—2¢ subtract

de—aa 49 68 41 RE)
(7)) TdX2ez T4 T0 72 T4
() S=3d+D 71 39 20 37
(17) If n=2and b =3 what does

Sa —2ab equal? 64 56 3% 49
(20) 15=7W —{ what dues W

equal? 67 45 42 51
@n v =u—2 what docs V equal?

4 al 3% 26 26

the whole, it must be admitted that these cxercises are very
simple when contrasted with the complex maunipulations re-
quired by a standard ninth grade algebra course. Thorndike
concludes, “It does not seem an cxaggeration to say that
on the whole these students of algebra had wmastery of noth-
ing whatsoever. There was literally nothing in the tost that
they could do with anything like 100% efficiency.” This is a
severe statement of the results secured from high school
people who are undertaking their second year of algebra.
The results secured by Hotz's test furnish additional evi
dence. The following table consists of elements selected from
the table which appears in Thorndike. Here also the table
has been modified to inchude percentage of correct responses.

The pupils tested had studied algebra for nine months,
The particular elements selected are very mneh easier than

the exercises ordinarily expected of ninth grade algebra stu-
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dents at the end of the year. Here, as in the Thorndike re-
sults, we find a very low degree of mastery. The situation re-

RESULTS ON THE HOTZ TEST

Percentage of Percentage of
Correct Correct
Resaponses Responses
3¢ 3¢ In the formula 51
3187 64 RM =EL find the
value of M
(—3xy3)¢ 62
The area of a circle =
Yy §.+Z 70 #r2 in which r =radius
3 2 4 of the circle and = =
2% 5 3 1/7. Find the area of
2222 " 80 a circle whose radius
8 is 7 ft. 48

vealed by the Inventory Test for arithmetic is probably worse
in ninth grade algebra, for pupils get little practice on the
algebraic skills in out-of-school activities. The results of
Thorndike, Hotz, Childs, and Monroe, all support the belief.
By way of summary, we may quote Thorndike, “Complicate the
situation slightly and the pupils fail.”

There is a wealth of evidence from surveys that could be
used at this point. Courtis found that the answers of grade
seven on his test 7 were about 57% accurate. Support also
could be drawn from the measurements made by students in
psychology who have used arithmetic exercises as tests of fa-
tigue, of individual differences, etc. For the summary of the
evidence the reader may turn to Thorndike, “The Psychology
of Arithmetic,” page 103. Consider finally the results recently
secured on the Woody-McCall Form 3. This test was widely
administered in the state of Michigan.* The results in the
following table are for May, 1924, and include the results
from forty cities. The cities were divided into three pupil
groups. Group I includes cities having 5,000 or fewer in-
habitants; Group IT includes cities having 5,001 to
10,000 inhabitants; and Group IIT includes cities having over
10,000 inhabitants. On the first problem: 24-4=, 114 pupils

*The test is not included. It is assumed that anyone reading this study
up to this point is familiar with the Woody-McCall Test.
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out of 1626 pupils failed. The same number of pupils could
not respond correctly to 6X2==, Nearly 200 pupils failed to
answer 5X1==, Let us consider next a few questions only a
little more complicated. On test 17, namely, 31—1=, nearly

RESULTS ON THE WOODY-McCALL FORM III*

Number Grade VII Number Grade VII
of Group [ Group
Problem 1 I 111 All Problem 1 I1 I All
1 91 {4 08 93 20 75 88 8d &3
2 90 ]H o8 93 21 61 70 71 63
3 a1 85 99 94 22 76 82 76 77
4 92 RY a8 95 23 57 70 68 66
51 83 02 91 80 24 52 49 515 53
6 84 04 92 91 25 76 85 82 S1
7 ™ &3 85 83 26 87 69 (33) 65
8 3] 3t 89 88 27 47 63 63 59
9 yo 83 a7 92 28 37 41 43 43
10 87 92 93 91 29 51 o8 62 hH8
11 56 96 93 92 30 18 23 34 28
12 88 97 95 9¢ 31 20 22 25 23
13 82 85 88 8 32 21 31 34 31
14 R3 a3 89 8N 33 17 28 14 18
15 84 02 |8 88 31 9 12 14 12
16 T 8t K6 &3 35 14 19 24 20
17 64 77 70 71
18 82 04 84 86 Number
19 68 80 79 77 of
Pupils
4 369 851 1626

30 out of every 100, or 472 out of 1626 pupils failed to respond
correctly. More than this number failed on test 26: H939 X 85==,
On exercise 31, namely, 7/8+06G=, we find nearly 3 out of
every 4, or a total of 1252 pupils out of 1626, failing to write
the correct answer.

These results are recent and they represent a wide sample
of the state, Woody believes that these low results are in
no way due to insufficiency of time,—most pupils finish in ten
minutes thongh the test allow- (wenty. Furthermore, he be-
lieves that these results arve slightly higher than those gener-
ally secured from the many cities contributing to the develop-
nient of the Woody standards,

*This table was furnished ton the writer by Irofessor Clifford Woody.
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This concludes our evidence. Since our study was first un.
dertaken Thorndike has reported much evidence on this issue.
The results of the two studies are in entire agreement, as
may be seen by a reading of Chapter V in Thorndike's “The
Psychology of Arithmetic.” The general trend of his argu-
ment appears in the following: “It is clear that numerical
work as inaccurate as this has little or no commercial or in-
dustrial value. If clerks got only six answers out of ten right,
as in the Courtis tests, one would nced to have at least four
clerks make each computation and would even then have
to check many of their discrepencies by the work of still other
clerks, if he wanted his accounts to show less than one error
per hundred accounting units of the Courtis size. It is also
clear that the habits of . . . absolute accuracy, and satis-
faction in trath, a result which arithmetic is supposed to
further, must be largely mythical in pupils who get right
answers from only three to nine times out of ten!”

The Passing Mark in Sccondary Schools.

In a recent confercnce it was developed that the school
officials commonly report the passing mark as being, 70, 75,
K0, or even 85 per cent. In the light of the evidence here sub-
mitted it must be clear that so high a passing mark is a myth.
A passing mark of 75 or even one o low as 60 per cent could
not possibly be supported by test results now in existence. It
is interesting to speculate what kind of a test one would need
to give in order that a considerable number of pupils would be
able to respond correctly to 735 per cent of the test elements.
The tasks would need to be very, very simple aud of the types
which receive considerable drill in the home, in the corner
drug store, in the grocery store, on the play ground ond in
numerous other life situations, Returning once more to our
Inventory Test there are only ecight items which reccive 9074
correct responses or better, and these itemis are the simple
tasks: “One dozen equals how many things? One pound equals
how many ounces? One hour equals how many minutes? One
minute equals how many seconds? If you have two numbers,
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how can you find their sum? What is 12-4-8? and, Make draw-
ings showing that you know the meaning of the words ‘circle’
and ‘square’.” At least four of these items are learned by a
considerable number of children before they enter the first
grade.

It does not seem that 80% wmastery is an unreasonably high
standard to expect on items that the school has deflnitely in-.
chided in its program, but if we are willing to accept 80% as
our standard, we get only twelve additional tasks done at this
level. These are: “One yard equals liow many inches? One
bushel equals how many pecks? If yon have two numbers,
how can you find their product? If you have two numbhers,
how can you find their difference? If you know the cost of
a certain number of pencils, how can you find the cost of one
of them? What is the ditference between eight and five? Look
at this: 16 =~ 8 =2, which number is called the quotient? Look
at this: 9 + 7 = 16. Which number is called the sum? Write
3% as a decimal. Write 0.25 as a common fraction. Make
a drawing to show you know the meaning of the word,
‘triangle'.” The reader will agree that all these are simple
tasks. Many children learn at least three of these before en-
tering the first grade and it is possible that a considerable
humber learn all but two of these before completing the third
grade.

We have chosen our evidence from one of the most definite
of school subjects and we have selected tasks that are common-
ly found as objectives in courses of study. What do we
achieve in the less well defined subjects if our attainment is so
low in a well standardized fleld? It is not likely that ques-
tions in the social studies excepting possibly one concerning
the discovery of America, could be asked of three thousand
heginning seventh grade pupils with anything but low returns.

It is not clear how teachers arrive at the high passing
mark, Possibly we give a mark from 80 to 100 for “oral
recitations,” another equally high mark for general cooper-
ative spirit or discipline, then weight these marks so that out
of this computation a comfortable passing mark of 80 per cent
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emerges.  Instead of a passing mark of 757 or 80%, it is
the writer's conviction that the real passing mark of our
American secondary schools at the present is somewhere be-
tween 40 per cent and 50 per cent.

A Necd for Action.

The lesson to be learned from these figures is that there is no
time to be lost. The crucial question before us, the teachers in
the secondary schools, is kow to improve the quality of «eholar
ship. We can easily explain the situation by saying that the
population of the secondary schools has increased rapidly.
Undoubtedly we have not been able to meet the situation with
teachers adequately prepared. We may say also that, since we
arc getting a larger sampling in our high schools from society,
the chances are that the general level of ability has been
sharply lowered. We may add, moreover, that the pupils are
no longer of the same type as were those in our high schools in
the nineties. Many come from “first generation homes.” They
do not even speak our language. Iivery school subject now has
unusual difficulties with the vocabulary of the subject. We
live in days in which concentration on purely scholastic
matters is infinitely more difficult. Throbbing life all about
young people pulls the attention away from scholastic activi-
ties. Although all this may be true it yet remains that we, the
class room teachers, must take prompt action before the public
generally recognizes just what is happening. Confusion may
result if society concludes that it is not getting a just return
for ity huge investment in secondary schools.

Liven if we should undertake remedial measures now there
is no guarantee that the changes proposed will be given
enough time,—a fair chance to prove their worth. IFor ex-
ample, the writer knows professors of mathematics in college
departments who are bitterly critical of the mastery shown by
the product that comes to them from the high schools. They
promptly put the blame upon general mathematics, upon cor-
related mathematies, or upon the program of the National
Committee.  The fact is that of all of the students who now
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come to colleges and universities very few have studied general
mathematics or correlated mathematics, and certainly the stu-
dents could not yet have heen harmed by the program of the
National Committee on Mathematical Requirements. These
men have listened to the discussion of the newer things, or they
have read about them in educational journals, and they con-
clude that the very poor material with which they deal is
directly due to these recent proposals. Whereas the clear fact
is that this material is almost altogether the product of “good
old fashioned materials and methods.” 8o far us the writer
knows there is only one college or university that may be con-
sidercd an exception, and the troubles of that institution seem
to be due to accepting credits in “scrambled” plane geometry,
If high grade men in the university are impatient in giving the
newer courses time to prove their worth,—a real chance, how
patient may we expect the general public to be with our short
comings?

A Program for Improvement.

At least six measures can safely be taken to improve the
quality of our scholarship. (1) We need to formulate a basie
philosophy for the gnidance of our work. e dare no longer
drift on an uncharted sea. 'We need guiding principles to help
us in the selection of materials, in the choice of methods, and in
the placement of emphases. (2) We need to formulate in a
specific way the outcomes that we desire and the degree of
mastery for which we strive. If we want our pupils to know a
certain principle or a specific formula, the superintendent, the
principal, the teacher and the pupils must all be aware of that
objective. It is futile to expect to secure results in mathe-
matics by the “shotgun” method. It is clear from our test
results that the mastery of any task, unless so simple that it
needs no formal instruction, is not a by product. We must
strive for it definitely. (3) In selecting our specific objectives
we need to place emphasis on those elements of the curriculum
for which a positive case can now be made by the use of one or
more ohjectire studies of the use of mathematics, Our work




O

ERIC

Aruitoxt provided by Eic:

78 The First Yvearbook

in curriculum building at best will be rough cnough,  There is
no excuse for neglecting the elements that do have support on
the basis of social need. A course of study based on the sum-
mary of twenty-nine objective studies which have more or less
bearing on what should be taught in junior high school grades
will be submitted. ) We need to cemploy certain well-
accepted principles from the psyehology of drill,  Obvious-
ly the ordinary algebra is weak in its application of the
psychology of drill, this in spite of the fact that the field of
educational psychology seems to have made its most valuable
contribution of recent years at this point. A list of principles
for drill purposes whieh the writer has found helpful in his
own daily class room work will presently Le presented. (i)
We need to construct our teaching materials under precisely
controlled and tested conditions, Most text books are still be-
ing written by persons quite removed from the activities of the
pupils for whom they are intended. published without exper-
imental use, and sold for a number of ycars, until an
avalanclie of criticism compels revision. The revision results
in changes, the need for which would have been obvious had
the text been tried out in a limited, carefully controlled man-
ner. It iy astonishing to see that some writers are only now
discovering the need for timed practice exercises in algebra,
apparently ignorant of the fact that such materials growing
out of detailed studies of children's responses have heen avail
able for years in a few progresive books. (6) We need a basie,
introductory course (general mathematics) in grades seven
and eight and for certain groups in the ninth grade.

The preceding remedial measures will now be discussed
in some detail.

I. THOL GUIDING PRINCIPLES

A tentative list of guiding priuciples have been proposed
elsewhere™ and need not be repeated here. 1lowever, the read-

*See A ‘Tentative List of Objectives In the Teaching of Junior IHigh
Scheol Mathematles—With Investigations for the Determining of
Their Validity, George Wahr, Publisher, Ann Arbor. Mich,
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er should have these in mind as we proceed to the next step.
IT. SPECIFIC OBJECTIVES

The next remedial measure suggested is the formulation
of a list of specific objectives.

There was nothing indefinite about the work of the algebra
teacher in the nineties, But there is danger that the newer
education in spite of its many good points will drift into the
vague, as may be seen by a study of content of the first seven
series of books written for the junior high school. The
material included in these books is suggested in the following
table.

TEXT SEVENTH EIGHTH NINTH
1st half 2nd half 1st half 2nd half 1st half 2nd hall
year year year year year yoar
A Arith. Int, Algebra Arith, Algebra Plane
Geom, and Trig. Geometry
B, Arith. Geometry  Arith, General Algebra Algebra
Muth,
C. General Generul CGeneral Arith, Algebra Algehra
Math, Math. Math, and Trig.
D. Arith, Arith, General General Algebra Plane
Math, Math, Geometry
JOR Goneral (leneral Algebra Algebra Arith, Arith,
Math. Math,
F. Avith, Arith, Int. General Gieneral Gen. Math,
Geom. Math, Math. and ‘T'rig,
[¢X General General General Qeneral Algebra Plane
Math, Math, Math, Math, (ieometry

This table reveals an astonishing degree of variation. It
would seem difficult for a parent to predict what large fleld
of mathematics his child will be expected to study. Election
in mathematics might mean arithmetic, geometry, algebra, or
general mathematies. This is even true of the last half of the
ninth grade, Three of the books offer plune geometry, one,
arithmetic only, one, general mathematics including a unit of
trigonometry, and two offer algebra, each including a unit of
trigononietry. Is there any wonder that school executives,
supervisors, committees working on courses of study, to say

ERIC
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nothing of the beginning teachers, are confused by the wholly
diferent offerings presented? We have here evidence of dis:
tinctly different hypotheses concerning the organization of ma.
terials for these grades.

Not only do we need a list which will reveal the specific

concepts we wish to develop, the special skills we desire to fix,
the definite items of information we want to impart, the par-
ticular attitudes we expect our pupils to have, but we need also
to be able to give at least one reasonably good answer for our
choice of each element. It is a fair question for the pupil,
parent, or tax payer to ask, “Why do you teach these particular
things?” To bring this about for his own teaching, the writer
has recently completed a study which eventuates in a long list
of specitic objectives. For three hundred filve elements he
is able to give at least three answers to the question “Why
teach this item?” For one hundred forty-nine other items
he is able to give at least one or more. The procedure was as
follows:

I. The formulation of a brief list of guiding principles

implying a philosophy of secondary education,

II. The selection of specific objectives on the basis of the
following five criteria:

a. A summary of the elements for which some kind of a
positive case can now be made by employing one or
more objective studies dealing with the social use of
mathematics.

b. DPractice as determined by an inventory of a selected
set of courses of studies:

1. For seventh and eighth grades:
Guiler's Thesis.
2. For ninth grade: A study by the author.

¢. The outline of topics as given on pages 21 to-27 in the
report of the National Committee on Mathematical
Requirements.

d. An inventory of the contents of the first seven series
of mathematics texts written for the junior high
school grades.
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¢. The decisions of a highly selected jury of tive edu-
cators especinlly interested in the junior high school,
and five leaders in the teaching of high school
mathematies,

III. 'The refinement of the elements selected and their grade
placement by means of an extensive classroom trial un-
der test and report conditions.

Obviously there is not space here to present the extensive
tables of this study.*

III. A COURSE OF STUDY BASED ON
OBJECTIV™ STUDIES

The third remedial measure suggested is to examine care
fully our social needs as we build the list of specifie objectives.
Presumably no intelligent person would nowadays construct a
course of study without asking such questions as

What mathematics do people; e.g., the grocery clerks, the
pharmacists, foremen in shops, ete, need in common life?
What mathematics do high school girls and boys need as
they go about their courses in industrial arts, mechanical
drawing, fine arts, general science, physics, chemistry, and
the like?

What mathematics do girls and boys need to interpret the
newspapers and magazines that they are supposed to read?
What mathematics do the people need who go to college
and study the mathematical sciences and the social
sciences?

But the probability is that we shall have many lists which
will ignore completely all available studies of a scientifie
character. Alrcady we have two extensive lists that represent
nothing more than opinion,—their nuthor’s and the assent of
a group of teachers (as if we did not have numerous courses
of study made in precisely this fasxhion though fortunately
lacking the educational “patter™).
sFor the complete list see “A Tentative List of Objectives in the Teach-

ing of Junior High School Mathemat{cs, with Investigations for the

Determining of Their Validity.” George Wahr, Publisher, Ann
Arbor, Mich.
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There are about thirty studies available which have more or
less bearing on the selection of materials in mathematics for
our sccondary schools. Most of these have a greater significance
for the mathematics of the junior high school than for that of
the scnior high school. The writer has recently summarized
twenty-nine studies grouped as follows:

(1) Analyses of pupil activities,—one study, Chase.

(2) Studies of the uses of Mathematics in general read-
ing, six studies, Adams, Schorling (4), and Thoran-
dike.

(3) Studies of the gocial and business activities of
adults, nine studies, Charters, Chase, Mitchell (4),
Wilson, Wise, and Woody.

() Investigations of the academic uses of mathematics
by high school and college students in subjects other
than mathematics; six studies, Callaway, Rugg and
Clark (2), The National Committee, Thorndike, and
Williams,

(8) Questionnaire studies, seven,—those by Jessup and
Coffman, Wilson, Camerer, Moore (3), and Woody.

We may now ask the question “What mathematics would we
teach if we taught only those elements for which some kind of
a positive case can be made?”

In the following table these items are listed, together with
names in parentheses which indicate the references where
possibly the strongest evidence may be found:

A Courso of Study Based on Objective Studies.

1. High skill in the abllity to estimate answers for checking results
secured by automatic mechanical devices in the business world.
(Woody)

3. Reading large numbers, probably to biltlons. (Adams)

3. Knowledge of common units of forelgn money—the English pound,
the French franc, and the llke. (Adams)

4. Familiarity with a large variety of denominate numbers., (Adams,
Schorling, Willlams, Woody)

§. Familiarity with » long list of units of measure, probably more
extensive even than found in our school texts. (Adains, Schorling)

6. The rational use of significant figures. (Nat, Com.*)

*Eiereafter Nat. Com. will refer to the National Conunittee on Mathe-
matical Requirements.




Improving the Quality of Scholurship (K

7.
8.

9,
10.
11,

15.

16.

17.

18,

19,

Numerieal computation witn approximate data., (Nat. Com.)

The meaning and use af the elementary concepts of statistics,
(Nat. Com.)

Computation with short-cut methods.  (Nat. Com.)

Taklug square root of arithmetic numbers.  (Thorndike)

Understawding  the nse of moechantienl devices—welghing, meas.

uring, computing, and the Uke. (Woudy)

SEIl in the extensive use of tahles—bonds, {nterest, nereentage

solution, sereen, discount, printers, and the lke, (Woody)

Famifarity with the metrie system. (Nat, Com. Schorling,

Woody)

Graphical representation of statistleal data: (Nat. Com.)

(a)  Dar, Une, and elrele graphs to represent ratio nnd dependence,
(Nat, Com.)

(b)  Reading graphs showing relation of one varinhle to another,

(Thorndike)

(c) g;l;\lt;cul fucnlty In reading and in evaluating graphs. (Thorn.
dike

(d)  Presentation of laws by mathematjenl graphs,  (Nat. Com,,
Thorudike)

The reading of geometrie figures by means of lotters designating
points,  (Gallaway)
Famidarity with unmervons geometrle terms, a st probably far
Ioore extensive than found {n the moensuration of arlthmetic. (Gale
laway, Schorling)
Understanding of an extensive lst of geometric concepts, most of
which can probably be taught to ehilldren by slmple intuitive and
experitnentul methods,  (Nehorling)
The use of shiple geometrie eonstynetions : (Gallaway)
(n) Drawing a lne segment of & eiven loneth.
(b) Drawing a line parallel to n glven line.
(¢) Drawing a line perpendicular to o given lne.
(d) Drawing a cirele or an arc of a cirele having given the center
and the radins.
Command of the fundamentals when applied to integers:
(a) For addition the following snggestions seem fmportant:
1. Addends of fonr digits. (Charters)
2. Nix addends and not more than Hve places. (Woody)
3. PFlve addends with five digits,  (Moore)
(h) Tor subtraction not more than four places in the minuend.
( Woody)
(¢)  IFFor multiplication we find:
1. The multiplicand five digits, and the multiplier four digits.
(Moore)
2. The mnltiplicand twelve or less with multiplier three
places or less.  (Charters, Woody')
(d) Division:
1. The dividend five digits, and the divisor four digits.
(Moore)
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2, Three place numbers in dividend are most common.
(Woody)
High skill in applying the fundamentals to common fraetlons with
denominators. 2. 3. 4. 5, 6. 8 10, 12, 18. 32. This list, brief as it is,
a'lows for a “safety factor”’—it is considerably longer than the one
sugeosted by Thorndike and much more estenslve than that of the
Nutlonnl Commilttee on Mathematical Requirements.  (Nchorling,
Wilson, Wise)
To guide us in applying fundamentals to mixed numbers the tol-
lowing are significant:
() Mixed decimal by mixed decimal (16 cases). (Willlams)
by Multlplying two fractions,  (Gallaway)
(¢) Multiplication by a fractional, integral, or mixed number of
dozens.  (Mitehell)

(1) Integer by decimal. (Williams)

(¢) Mixed decimal divided by mixed decimal. (Willlams)

(f) Addition of any unmber of tweltths to integers and mixed
numbers,  (Mit. hell)

(g) Reducing mixed numbers to inproper fractions. (Gallaway)

(h) Almost any decimal up to four places. (Williams)

(1) Goods frequently marked In decimul system. (Woody)

() Multiplying five digit number with three decimal places by
five digit number with two decimal places. (Williams)
Ability to use simple business forms: family expense accounts,

checky, Yillg, notes, depoesit slip,  (Camerer, Moore)

Knowlewy. « - the use of diseount, interest, opening bhank account,
ete.  (Camer . Moore)

Knowledze 7 <aving and loanipz money, mortgages, building and
loan. sinyle aceounts, thrift botds and real estate Investmoeuts,
tuxes, and levie:  (Wilsor’

Acquaintance with insura® e, taxatlon, and thrift. (Jessup and
Coffinan)

Abliity to interpret percentaga in a great variety of ways. (Adams)
Ahility to find per cent of a given number, (Willlams)

Ability to interpret ratio In a great variety of ways. (Adams, Nat.
(foni.)

Ability to use proportion. (Nat. Com,, Willlums)

Ability to use the simple machinery of algebra:

(a) Use axioms, (Nat. Com., Thordike)

(b) TRead symbols,

{¢)  Know the menning of the omission of the times sian,

(1) Know the meaning of the omission of one as a coeticient.

(e) “Letting — = the number of —" (Thorndike)

Ability to translate a verbal statement into symbolle. (Gallaway)

Abhility to deal with a single phrenthesis, (Thorndike)



Improving the Quality of Scholarship 79

33. Ability to deal with a simple fractional exponent and transforma-
tion of the type ¥@ = al1/3, (Thorndlke)

34. Knowledge of positive integral exponents. (Thorndike)

35. The ability to interpret negative r mbers. (Nnt. Com., Thorndike)

86. The evaluation of simple algebraic expressions. (Nat. Com., Rugg
and Clark)

87. The ability to apply fundamentals to simple algebraie terms, as for
example. multiplication of two blnomials. (Rugg and Clark)

38. The ability to apply fundamentals to simple fractions. (Rugg and
Clark)

39. The ability to clear a proportion of fractions—uereat skill in the use
of the proportion form of cquation, (Thorndike)*

40, The ability to form correct proportions. (Rugg and Clark, Thorn-
dike)

41, The ability to do the simplest cases of factoring. (Rugg and Clark,
Thorndike)

42, Understanding of the linear function. Y = mx 4 b, (Nat, Com.)

43. Ability to use equations of the flest degree and one unknown.
(Rugg and Clark)

44, AbLity to use simultaneous linear equations in two un'. .owns.
(Nat. Com., Williams)

45. Ability to use fractionnl equations. (Willlams)

46, The ability to use quadratic equations in one unknown, (Nat.
Com.)

47. The ability to obtain L. C. M. by inspection in the case of a frac-
tional equation with simple numerical denominators, (Rugg and
Clark)

48, Ability in the use of the formula:

(n)  Ability to read simple formulias,

(b) Abillty to solve simiple formnlas,

(e) Ability to evaluate simple formnlas,

(1) Ability to construct simple formulas.

(v} Ability to ¢hange the subjeet of n formula,

(f)  AbLlity to substitnte in a formuta.  (Nat. Comn., Thorndike)

49. Seme skill in the solution of verbal problems.  Those dealing with:
(0)  Praportion, such ax mixtures. (Thorndike)

(L) Buying and selling goods,  (Wilson)
(¢)  Labor and wages,  (Wilson)

(d)  Interest. (Wilson)

{e) Rent. (Wilson)

(f) Iusurance. (Wilson)

*Countradicts other evidence bat the writer s convineed that Thorndike
is correct,
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() Measurement of enpaclty, (Wilsou)
() Estimates of bullding materfals,  (Wilson)

G0, Ability to use logarit) ms in computation.  (Nat. Com.)

5. Abllity to use slue, ¢ ne, aml tangent in the solution of simple
proeblems of the right trinngle,  (Nat. Com., Rugg and Clark)

The Inadequacy - *ny Single Objective Study.

It ought to be unnecessary to point out that any one of the
so-called scientific studies now available cannot serve as the
hasis for the selection of subjeet matter. But it is not in-
frequent that much publicity is given to a single study hold-
ing out the hope that our curriculum problems are being
solved by it alone, In the summer of 1924 the newspapers
of our Nation’s capitol, at the time of a great teachers’ con-
vention, gave much publicity to one of the so-called scientifie
studies in a way that was probably very deceptive to the public.

Let us examine two studies {o illustvate this inadequacy.
Consider first the most recent study by Adams in which he
tried to discover the mathematical uses in general reading.
He finds very little trace of algebra, geometry, or trigonometry.

In discussing the last item Bobbitt* concludes that therefore
it is unwise to teach the simple materials of geometry and
algebra in the junior high school years as is advocated by
certain leaders. How much weight should be given to this
advice is suggested in the next study.

The Frequency of Mathematical Terms, Especially Geometric
Terms ir Reading Materials,

All mathematical terms appearing on certain pages of some
magazinest were tabulated.  The following table indicates the
items in order of frenuency. The figure following each item
shows the number of times the term was found. A word was
tabulated only when used in a geometric sense,

*See Elementary Schoeol Journal, October 1924,

tThe magazines were (1) Popular Mechanfes every {ssue appearing in
1021, except the September number: (2) Popular Seienee every issue
appearing iu 1921 except the February, October, and November {ssues.
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extremity 2 acute angle L logarithmle 1
graduate 2 breadth | lengthening 1
graph ¢ cubic foot 1 meagnitude 1
hemispheres 2 concentration 1 mid-way 1
hypothesis 2 eyeloldal 1 mid-position 1
internally 2 corresponding sides 1 oblique 1
intersection 2 converged 1 octagon 1
Hmits 2 compass 1 opposite directlons 1
long ? chord 1 prismns 1
maximum 2 clockwise 1 proposition 1
ninimum 2 eylinder 1 parallelism 1
meter 2 depe™s on 1 pentagon 1
mid-point 2 diagran 1 perimeter 1
polar 2 disproportionate 1pl 1
projection 2 equilateral 1 plotted 1
reverse side 2 triangle 1 radiation 1
result 2 elongated 1 reflection 1
ring of surface 2 erected 1 reflective 1
rotation 2 equatorial 1 rotatable 1
spherical 2 elevation 1 square root 1
spind'e 2 exterior 1 segment of a circle 1
successive ¢ extermtl 1 sequence 1
slanted 2 elliptical 1 straight side 1
segmental 2 foundation 1 terminals 1
square inch 2 geometry 1 transversally 1
taut 2 hemispherical 1 trajectory 1
transversal 2 hypotewdase 1 traversing 1
unit of measure “ heptaron 1 tangent 1
vertical 2 hexagon 1 traversal 1
position 2 {nvolute 1 triangulation 1
wide 2 ideutical 1 T-square 1
anti.clockwise 1 infinity 1 unequal 1
ax'al 1 intersect 1 whole 1
approximation 1 ixosceles trinngle 1 zero 1
altitudinrous I lengthwise 1 zoue 1

Con. lusions:

1. Tt is important to note the larger number of geometric
terms.  In all there are 211 terms geometric in nature. This
statement is of great importance in the light of Adams’ investi-
gation. In his study of the use of mathematics in geuneral
reading, Adams included only newspapers of the popular kind.
Our study suggests that if you vary the material, keeping
well within the range of what a considerable number of high
school people read, a large number of geometric terms will be
obtained.

2. The material in the preceding table probably has consid-
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erable stability, Whc approximately three-fifths of the num-
ber of pages had been tabulated, the twenty highest items were

TAJSLE A

o ae m et baem man —— e e

Tue TweNTY HIGHEST ITEMS WUEN APPLONIMATELY 3/0 OF THE
MATERIAL 1S TABULATED

End 300 | Center 84 | Width 55 | Diameter 63
Length 150 | Surface 84 | Distance 49 | Heizht 63
Side 137 | Point &3 | Squure 49 ' Section 6u
Position 111 | Edge ™31 Angle 4G | Cxlinder s
Lines 90 | Base 65 | Thivkness 43 | Space 56

ranked in order, as is shown in Table A. When.all the material
had been tabulated, the twenty highest items were again
ranked, as is shown in Table B. It will be observed that only
one item (thickness) is replaced by a new item (measures)
when all the material is read.

TABLE B
THE TweNTY HiGHEST ITEM8 WHEN ALL MaTERIAL 18 CONSIDERED
knd 507 | Surface 156 | Npace 128 | Wadth 105
Length o853 | Position 179 | Base 118 | Height 103
sSide 245 | Point 166 | Fdge 113 | Square 4
(‘enter 208 | Cylinder 149 | Section 112 | Moasure 01
Line 199 | Diameter 128 | Angloe 100 | Distance 0w

3. It should not be inferred that the material constituted
a random sampling of the material of this type that young
people read. In fact, the terms “zero,” “isosceles triangles,”
and “perimeter” all were found on the very last page read.
No thoughtful person can observe the familiar termns appearing
only once in our table without recognizing that the study needs
to be extended before it is of much use as a gnide. This
fact does not reduce the importance of this study to zero.
It is entirely adequate to show the limitation of Adams’ selec-
tion of material. Moreover, it suggests the fallacy of Bobbitt's
conclusion in the discuseion of the study by Adams implying
that high school pupils in their reading do not need to know
geometric conc-pts.*

*Elementary School Journal, October 1924, .
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Next, let us examine what is probably the best known of
the studies, namely Wilson's collection of problems. Wilson
asst aes that he has a random sampling. He found not a
single trace of stocks or bonds. At the time that he made
this study, acecording to government reports there were over
4,400,000 stockholders of corporations. It has not been pos-
sible to Hnd an estimate of the number of bond holders, but
it must have been very great, for municipal bonds, township
pike honds, and the like, had been in common use long before
Wilson's study was made. There is here then, clear evidence
that he did not have a ecmplete nicture of mathematical needs,
but for the sake of argument let us make the false assump-
tion that people did not in common life possess stocks and
bonds at the time he collected his problems. Before Wilson
analyzed his problems and printed his conclusions the Govern.
ment was making a nation-wide diive to get all people to in-
vest in  Liberty Bonds. Mathematics must not only meet
present needs, but it must teach t}nse fundamental principles
that will make it possible to anticipate future necds.

A third factor is one suggested by Thorndike. The question,
“What uses do people make of mathematica?"” is not the only
issue, It is perhaps even more important to inquire: “What
use could they make with great economy and profit?"

From these illustrations it is quite clear no sinele study
can serve as a sole basis for choice «f materials. Nevertheless
the writer believes that the preceding summary of all the
objective stidies now available constitute a very valuable side
light on our problem and which we dare not neglect if we wish
to procved intelligently in the choice of materials of instruc.
tion.

IV, THE PSYCHOLOGY OF DRILL IN MATHEMATICS

The National Committee on Mathematical Requirements
with the assistance of nearly a hundred mathematical organ-
izaticns undertook a national campaign to decrease the amount
of manipulation of symbols and to increase the amount of
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purposeful work with verbal problem materials. This program
with few exceptions met with hearty approval in scores of
mathematics meetings. In fact it is difficult to find anyone
who does not approve of the Committee's effort in theory,—
but practice is another matter. Many teachers traditionally
trained and accustomed for many years to teaching courses in-
volving probably eighty per cent of meaningless manipulation
miss the complicated factoring problems, the *apartment
house” fractions, and the “nests” of parentheses, as well as
other old friends. They beg for more drill materials when
they undertake to carry out the program suggested by the
National Committee. We do not need more drill materials of
the traditional type but more drill of the right kind. The data
presented in an earlier section constitute elear evidence that
what we have in the traditional courses does not function to
any considerable extent, and it is not likely that we could get
appreciable increase of skill by increasing the amount of drill.
A physician having given an overdose of the wrong medicine
would probably not decide to increase the amount.

Wlhile our traditional texts have placed much emphasis
upon drill they have not to any consideravle extent used the
available guides for making drill materials effective. Perhaps
the reason is that the accepted principles are nowhere listed
in convenient form for the class room teacher. The busy
teacher in reading his psychology is wearied by the necessity
of going over sacks full of ehaff whick contain only a few
handfuls of grain. The writer finds in the following list the
principles which have been of practical help to him in the or-
ganization and administration of drill materials.

L Drill to be cffective must be individual.

We must stop drilling the few at the expense of the many
amd permit pupils to progress according to their varying
skill* and abilities. In ordinary practice we still teach a
gre  of children as if all were at one level,—as a class. The
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fact of course is that we are dealing with 25, 30 or 35 individ-
uals, We would not permit a dentist, a physician or a surgeon
to deal with children in mass fashion. We know the mental
differences to be very great and to represent very different
needs.  Beeause of our necessity we hear much about the
Dalton plan or some modiflcation of it.  We seem to have two
groups, the flrst who cling fondly to the unmodified traditional
group procedures. It is said that in such classes there are
many failures or that many pupils vre passed on to the next
course with very low mastery, This indictinent seems plau-
sible for the teacher does not really know what is happening
when he makes no analysis of his work and deals only with
surface matters. In the other extreme there is a small group
who advocate abandoning all recitations and making every
part of instruction individual in character. Possibly there is
truth in both contentions, One might argue that concepts,
meanings, and attitudes can best be achieved with the mo-
mentun of a socialized or group recitation, but that the skills
are best taught on an individual basis, Colvin estimated that
the American secondary school wastes about one-half of its
time. Is not this waste largely due to the senseless effort
to fix the skills by group recitations?
2. In general there should be much practice for a few skills
rather than « little drill on cach of many things.

The objective evidence on the mastery of our pupils implies
a need for decreasing the number of things to be expected of
children, Can the teacher of physics honestly claim to teach
all the clements that are designated important in our school
texts?  Many of the text books in the social studies are
written at a dead level and to most teachers one item is as
important as the nest one, In arithmetic we spend much time
in adding, subtracting, multiplying, and dividing the uncom-
mon fractions to the negleet of those fractions which do occur
frequently, It would be wholesome if high school teachers
were to strive to teach fewer things but to teach them better.
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3. A drill erercise must be specific.

It is common practice for teachers day after day to place
miscellaneous exercises before the pupils. The teacher does
not know which pupils need the drill nor does he know what
particular bonds are strengthened by such exercises, If we
wish pupils to learn how to place a deeimal point, then it is
possible for ug to organize a scries of problems in whieh the
one element to be learned iy placing the deeimal point cor-
rectly. If we desive to give our pupils greater skill in learn-
ing to add halves, quarters, and eighths, then it is possible
for us to set up a training series in which every pupil and the
teacher will know that this is the specific thing to be prac-
ticed and similarly for every other bond that needs to be formed
in mathematies, There is of course no implication here that
we do not need miscellaneous lessons for recall and test
purposes.

4. A drill excreise must provide a scoring technique so that
the pupil may wateh his daily growth,

One of life's greatest challenges, or interests, is «chicrement,
Golf and tennis wou ld for most of us be very stupid games if
we had to play them without keeping scores. Teachers have
alwayx emphasized, perhaps too much, the idea of competition,
We tey to make each pupil excel others in the same group.
For many pupils heredity and experience have made it im-
possible to do much in the way of execeding others in the
group.  But every pupil in a elass room can exeel his previous
record and this is probubly as good a learning challenge as
exists in a class room. It is to be hoped that this neglected
means of motivation will be more largely utilized in the fature.
o A drill erereise shauld be standardized.

The pupil should have at least a rough notion of the task.
Tt ix helpful to the pupil to know what pereentage of the pupils
of his age or grade suceeed in doing the tasks or at what
level the work is to be done,  Moreover the teacher needs this
information for grade placement of exereises, It is inefticient
for the seventh grade teacher to teach materials as if the
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sixth grade teacher had never touched it. Supervisors nsist
that at times one can not tell by the material or method
whether a class is a sixth grade, seventh grade, or an eighth
grade, A city system should be able to state that it expects
the excellent pupils in th- sixth grade to be able to do a par-
ticular task at this level of difficulty. The implication is that
the series of tasks shall Le carefully chosen and shall have
heen given under precise conditions to many pupils,—in brief,
it should be standardized.
6. Drill material should be so constructed as to make possible
the diagnosis of individual disabilities.

sach pupil must have the opportunity to concentrate upon
those processes which present peculiar difficulty to him.
There is little drill material now available which enables
teachers to do diagnostic work in any practical helpful way.
The crux of the whole matter is the present machinery of
test materials. Whether we continue to teach classes or go
entirely to some individual basis we obviously need test mate-
rials that are more easily administered. The preparation of
most teachers makes a simple organization imperative. It
is believed that it is practical and feasible to construct a series
of timed tests for a single grade with a single time unit (or
multiple time units to be explained presently) for all drill
units. I’'robably the optimum time for complete, concentrated
work is close to three or four minutes in the seventh and
eighth grades, and may be as much as eight or ten minutes for
the more mature pupils in the algebra of the ninth year.
Certainly the time for concentrated drill in the seventh and
eighth grade arithmetic is not as long as 20 minutes, a figure
suggested by a prominent psychologist. By this device once
the testing begins all pupils take the test on the first unit
of instruction. The pupils succeeding on the first trial pro-
ceed to the next test on the following day. By Thanksgiving
time it is conceivable that Mary Brown may be working on the
seventeenth test and John Doe on the second. All that the
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rencher does ix to start the whole group on a timed test and
to stop them at the end of the period.

It o pupil fails to pass a particnlar test on a particular
unit of work in a reasonable number of trials, it is obvious
that he needs special attention,  If he makes normal progress,
as for example passing a test after a half-dozen trials at home
and three or four ofticial trials under the teacher's timing, he
may be allowed to p ceed without wasting any of the
teacher's tinte or energy. This machinery is further improved
by test booklets in place of the commonly used cards. Under
the card system teachers start enthusiasticenlly in the fall to
manipulate the practice cards and to keep the complex records
but soon lose out in the mass of routine and thereafter con.
fusion reigus. A test booklet with all record forms and norms
under one cover to be kept on the teacher's desk, one for cach
pupil, or, better still, in the hands of the pupil, seems to
promise greater efficiency.

7. In the carly stagc: in the fizing of a bond, progress should
be relatively deliberate.

In the early steps we should teach for power rather than
skill. Another way of saying this is that the pupil should be
provided with rich experience or numerous and vivid illustra-
tions before muceh drill is administered. This is probably one
of the principles in the psychology of drill most neglected in
the teaching of mathematics, Algebra has often been severely
criticized as placing extreme emphavis upon the manipulations
of symbolism which have little meaning to the pupil. Teachers
of freshmen courses in the university find that pupils can
factor and simplify complex fractions with considerable skill
in spite of little understanding. Probably the cause of this
unfortunate condition is that high school teachers drill on
processes before children understand.  We attemipt to cut
across lots in learning when the road to clear concepts may
be rough and eircuitous. Tlhe teacher having been over the
road often assumes that what is clear in his mind is easy to
grasp by the pupil. He leaves *“‘gaps” in the learning process
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when he shoulld counstruct intervening steps by richer pupil
experience. The ievelupment of the newer courses for the
seventh and eighth grades in which a wider use is made of
sense experience as a basis for the ideas of the algebra of the
ninth year rvepresents an effort to apply this important
principle,

8 Drill should be organized 8o as to prevent the use of

“crutches.”

The writer has observed one of the most brilliant teachers
in the research field of mathematics take time day after day
in his university clwsses to solve quadratic equations by
“completing the square” When asked why he stopped his
development again and again to take this roundabout method,
he replied that he had never received drill in the use of the
formula method during his high school days. ¥e knew the
formula method well enough but to use his words, “It wasn't
handy™ for him. A few summers ago the writer in the midst
of a demonstration lesson at Teachers' College discovered a
boy who could not pass the multiplication test with cle
ments similar to the following: 465

87

In taking this test the pupil said,

CTXD--IXT IR 30, TX6--6xT ir 42, TX4—4X T is 28, ete.”
In the intermediate grades he had learned to ‘‘twirl the stick”
g0 as to grasp it by the easier end. The result was that it
took him longer to do a multiplication problem than most
boys of his mental age und grade. This same boy had a second
eruteh,—quite common, namely. to write at the side, the figure
which is to be carried in the next step. In long problems he
had many figures written at the side and frequently chose
from this group the wrong figure to be carried. The thought-
ful teacher of mathematics will be constantly on his guard
not to establish mental connections that will interfere with
later progress.
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9. Not all bonds should be given practice until high skill
ix obtained.

Perhaps this principal should be stated as a corollary of
the preceding. A good illustration is to be found in the
method of teaching the solution of the quadratic equation.
The instructor frequently uses four methods—the graphic,
factoring, completing the square, and the formula, If a
teacher has twenty hours for practice, how should he distrib-
ute his time? Would it be wise to give five hours practice
on cach method? Would it be wise to drill until the pupils
have skill in the use of each method?  Test results suggest
that what happens under these conditions is that pupils
achieve mastery of none. If pupils are to use the formula
method, it will be wise to give just enough experience with
the other methods for understanding and to place the emphasis
for high skill on the formula method. Teaching a process by
two methods does not imply that pupils will have higher skill
in dealing with that process.

10. The goul of a drill earreise must be a reasonable one.

Thix principle seems to demand a complete reorganization
of onr drill materials for the mathematics of the scecondary
school, Tt will be admitted that everything else being equal
an exercise becomes more interesting when a specific goal is
set before the pupil. *Can you do forty problems in eight
minutes?" is a greater chatlenze than »Can you do forty
provlems?” A goal involving speed and aceuracy based on
norms carefnlly secured iv xound motivation but the difficulty
lies in that our pupils are not so classitied ax to make it a
fair proposition to expeet the same performance of all chil-
dren uuder standardized conditions, With the hope of solv.
ing this practical prob.om, the writer in cooperation with
otliers has been experimenting to standardize instructional
material on e,y and ¢ levels,™ A single test follows:

“Uoal 28, A Completion Test

“Supply the missing terms so that the expressions will be

perfect square trinomials, and give the binomials of which

O

ERIC

Aruitoxt provided by Eic:



92 T'he First Ycarbook
these trinomials are the squares. In erery case write the sign

whiclh accompanies the missing term.  Be sure to note the sign
in parenthesis when it is given.”

1 @ . +0=(+) 19 ... . +3Rm+0l=( )2

2 0t +d=(+)* at .
Bo2vat. ...+ li=( =) 20 g =¥
O I I A D L 42 ‘
:') 4:\-2.'......*.81.'“2:(-—)2 21 4’—‘—'“).\'.".......:( )a
6 8I....... + 3=+ a5 .
7oAt~ Ga........ =( )¢ 2 et =(- )
8 161 — 8x...... =( )* X W
0 2540y, =00 P MW e +oy-=(+)?
10 36a? = 60a..... =( » B e N2
1181 486 0% () -4,0.:)1.» ..... +0.25=(=)
12 4 ~20ab.......=( )P g5 -i\T) e R0 =( )2
13 ... = 10xv+Ha2=( )
& S —~ 16 a246t=( )2 20 0.64a%. ... . +25=( - )2
15 ... = S0 xy+25=( )} _, a'h® _ .
16 ... —G0xyat=( ¢ 2 Ty HRee...=C)
17 ... - 18a® +9=( )? 2a%h at
8 .. LooRbi449=( )@ 28 ... o=ty =C )
GoaL Recorp oF My IMPROVEMENT ON TsT 28
v xerilent) ay . . [SIPVRYE ]
e, TRIAL 1 2 4 4 5 ReAvHED
y G ) 24 — | e | ] e
.——f~—~———l———- le:\llll".R —-I
s P e 1X Ricnr

Note that a pupil can pass this test at the 2 level by doing
“eighteen problems, or he may persist after passing the test
a.ad achieve a y mark or even the @ goal. Tt is obvious that
the rlr:f]c'rc'nfi(m'(. voils can not be made without getting the
reeords of what pupils of varying abilities and at different
levels do with the particular exerecises concerned.  Ienee, the
establishment of these norms means an enormous amonr-t of



E

O

Inyroving the Quulity of Scholarship R

work, time, and energy, but a necessity which teachers of
mathematics and possibly those of other subjects now svem
to face.

11. RIGHT practice makes perfeet,

It is 1 common saying that “practice makes perfeet,” a
etutement far from true. Many of us get considerable prae-
tice in handwriting but we are not exceptionally excelient
rtenmen. A beginning golfer grasped his club with handy
crossed,  No amount of practice yielded great skill nnder
those conditions,  The competent athletic coneh knows that
he mnst be eonstantly on his guard against practice which
gets ip intepfering honds.  As Colvin has so aptly said,
“Wreng practice is worse than no practice.”

12. Errors should be corrccted before habits become fired.

This principle may possibly be a corollary of the preceding
law but it is one taat needs to be emphasized, Probably in
mathematics we violate its iraplication most seriously with
reference to written work, upils are given exercises to do
which are not keyed and hence not self.scoring.  The busy
teacher finds it a physical impossibility to correct and re-
turn the papers before the situation has grown “cold.” Hence
the pupil is given an enormous amount of practice on in.
correct forms and the worst of it is that the pupil does not
know which response is right or which one is wrong, The
time to cateh an error is at the moment that it first occvrs,
13. Everything else heing equal, ¢ skill that ia fired in its

naturai aetting will need less repetition.

The three important factors that determine the strength
of & connection are (1) the emtional setting in which it is
formed, (2) repetition, and (3) recency.  The thoughtful
teacher knows that he dare not found his case on repetition
and recency alone. The problems of matlematics must be
motivated and the most effective motivaticn is to take a
problem in its real setting or create class rovm conditions fo
simulate the actual situation. [t is then that learninge s
most efficient. It may need to be recalled at this point that
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in our Inventory Test the items which showed high mastery
are precisely those whieh received practice in the out.of-school
life of the pupils, There are those who say that the maghe
matics which represents Hfe's uses need be given very little
practice beeause pupils will later veadily learn these tasks, In.
decd, Meriam goos so far as to say *The way to teach arithmetic
is not to teach it,”* By that we assume that he means (1)
we teach muany. useless things which the student forgets and
hence this part is o waste of time and (2) the arithmetie
which the student will need in life is very simple and learned
more effectively au the time he meets the problems, There is
evidence to support this position.  The eaxe with which adult
immigrants who have not come through our instruction in the
schools adjust themselves to the soelal-cconomic phases of
arithmetic suggests that we may be wasting much time. At
any tate, practice o skill in its unatural setting and feweér
repetitions will be needed to fix it

14 In estublishing e skill try to avoid the stage of diminish
ing returns,

The school has often given practice on material not re-
quired by the demands of life,  We have taught children to
spetl words that they never use,  We are now in o most
stupid fashion, and on e national sceale, using drill materials
in arithmetic in the seventh and eighth grade which ave
limited to practice with whole numbers,  While this material
may be highly protitable in the carlier grades, it certainly is
senseless to contine seventh and eighth grade children to drill
with w hole numbers alone when they obviously need dritl with
tht frequently oceurrving counnon  fractions, deeimals,  per
cents, ete. We are, moreover, teaching the vavious processes
of arithmetic with practiee materials whieh put emphasis on
speed and aceuracey, but no one really knows the speed and
the securaey demanded in uses out of school. "o attempt to
deill pupils beyvond the desieable limits of a «kill is surely
a waste,  We have clear illustrations in pupils trying to learn

*See Rearaanizition of Mathemnejes in Secondary Schiools,” pp. 257-201,
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o foreign language when they have very little linguistic
ability, or in pupils with Jittle gift who waste precious hours in
practicing music.  We also have a clear example of the stage
of diminishing veturng in the ease of the pupil who has failed
& course in plane geometry several times. Iupils who have
reached their limit on a school task should certainly be per-,
mitted to substitute something else in its place,

13, Nehool life should e staged so that all desivable activities
will harve pleaswrable outcomes and all undesirable ac-
tivities will cventuate in unpleasant results,

Thorndike has emphasized the efieacy of satisfaction in'
escablishing a habit in his statement of the Law of Lffect.
Certainly this is one of the great laws of learning. We tind
it exemplified in the teaining of animals. Huabits may be fixed
in an animal in one of two ways; (1) by the giving of a
reward, or (2) Yy ereating an unpleasant conditior. The
dircet form which the applieation of this principle may take
in the class room is the association of suceess with learning.
There is no greater challenge or stimulis to learning. The
pupil must know at every stage of his learning how weli he is
sncceeding.  In spite of this elementury truth we have care-
- fully kept answer books away from our pupils in mathe-
maties,  Answers furnished on verbal problems where pupils
are tempted to work backward from the answers may be very
injurious but psychology points clearly to the necessity of sup-
plying answers to pupils when practicing materials for skill.
16, In firing a habdit a pupil must be given an attitude in

which he becomes a student of his own growth.

An investigator much intcsested in spelling recently visited
a certain school, - He talked on spelling to the pupils at as-
sembly, in their home rooms, and in the recitation rooms.
Stundardized tests were given to pupils, parents, and teachera,
Everybody was talking spelling for “spelling was in the ajr.”
The pupils beeame especially interested in their own improve-
ment. They  made  charts  of their  growth. The out-
come was an astonishing amount of improvement in spelling
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in aovery stort time, The explanation probably lies in the
interest whieh the individual pupil took in his own *“growth
curve”” .\ man may have a temporary slump when he hegins
to analyre his golf game but he is thereattor o hopeful player,
The prineiple also has a bearing on cheating, In a preced-
ing wection, it was arened that answers should be furnished
the pupils fadeill materials, The inexperienced teacher may
say Uit this leads to dishonesty,- - pupils will cheat, The fact
ix that pupils do not cheat themselves, A fine old man, the
sotil of honor, in the early days of hig golf practice when
his ball hid rolled into a particularly unfavorable position
wits observed to Kick it slyly into @ more favorable posit.on,
1t wax later noted that he had negleceted to ceunt the *$ ot
stroke™ in his total sedre. Could it be said that this grand
old num was a liar and a cheat?  Surely not, for as soon as
he beeame interested in the growth of his own game,—in his
~daily improvement, he could be trusted to keep an aceurate
. score, In like manner pupils at their tasks may be relied
upon to use answers honestly as soon as they have beeome
students of their own growth,

17, Habits must be formed in the psychological order.

There undonbtedly is o best order of the elements that are
emphasized in any drill exercise. If we are about to teach the
mnitiplication tables to n class, should we teach them in this
order: 2y, 3's, 4's, '8 6's, Ts, cte, or in this order: 3's, §'s,
10's, 4's, 8's, 6's, ete,, or precisely what order shonld weTsy?
Thorndike has cmphaxized that the psychological o der of
teaching the multiplication tables is not to teach them at all
as tables, Accordingly, we need to drill on the multiplication
facts without particular reference to formal arrangentent,

In all probability the reader loarnod\his fac}efﬁf;; types in -
the following order: the difference efAwo-siiares, the square
of the sum, the square of the difference, next the type 2*+axr+t
and finally  the type ari+br+ce. Conventional algebras
usially take up one type after another in this order and give
mich practice fo Jix that particular kird of factoring ability,
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It turus out that the more desirable order is just the reverse
order. If a teacher gives exercises in the multiplieatian of
two binomials so as to give a clear notion of the algebraie
expression ar®-4-br+4-c and then proceeds at once to factor
this type first, all the other cases mentioned are merely “‘easy
specials™ of this general case. The experimental evidence
points definitely to the fact that the reverse order is the better
psychologically.

It «ill take much time and effort vo discover which orders
are the better, but the improvement in the teaching of math-
.ematics in the irimediate future will very likely lie at this
point.

18, Practice should be distributed in diminishing amounts
and at increasing intervals.

The importance of repetition has already been suggested.
The trouble has been <hat text books teach a topic once and
for all. There is seldom adequate or wise provision for recall.
The common method is to teach a process by an enormous
amount of formal drill material presented in one “chunk.”
- Occasionally a text will have a small review section, usually
in the appendix where it is seldom found. The abandoned
“cycle method” of teaching arithmetic had much of sound
learning in it. We need to come back again and again to a
principle if we are to gain mastery. Iixperimental evidence
also points definitely to the need of increasing the length of
the intervals between successive recalls.

19. The more interesting aspeets that enter into a skill should
be taught carly.

We have grievously sinned in this matter in our teaching
of matlematics. Competent teachers are almost unanimously
testifying to the greater interest which pupils have in the
newer courses for grades seven and eight because they include
such matters as the simpice principles of geometry, graphs,
stitistics, trigonometry, ete,, and best of all, these topies open
up a wealth of new applications.  We no longer need to say
to a seventh grade boy when he comes with a problem which
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challenges hini for the first time, “You will have to wait until
the eleventh erade (four years hience) and then we will study
your problem.” - The new material that is going into the
seventh and eighth grades is replacing topies which ‘are
more abstract and less interesting.

20.* The less difficult elements should be given before the
more difficilt. '

Our algebra of the ninth grade has been unnecessarily
difficult. It deals almost wholly with the manipulation of
symbolistn and includes a minimum amount of material deal-
ing with personal relations, with manipul'.tion of things, with
motion, with gathering of data, and geueralization. We have
been trying by brute force to put the thinking of our young
people at the very top of the ladder. of difficulty without giving
them a chance to climb the inte 'vening steps through concrete
experiences. We have beea trying to teach them to jump to
the tcp of the ladder instead of letting them climb. There is,
moreover, great obscurity in determining what constitutes
difficulty. IFor example, the early test makers discovered that
pupils did not know the zero combinations and they concluded
promptly that addition problems like 44-0 or multiplication
exercises like 30, are difficult. There are prominent writers
vho have not yet discovered the fallacy. It is true that chil-
dren miss these but it is because little practice is given and
not on account of the difficulty. A class can be taught the
correct response to 4 4- 0 much more readily than the correct
oneto 7 X 9. When we consider the difficulty of the elements
in algebra we are even more at sea. Nevertheless significant
changes can now be made on the basis of this principle. There
can be no question but that the three or four weeks’ unit of
trigonometry now being taught in the eighth or ninth grade
is less difficult than the factoring cases which it helps to
displace. There can be no doubt that when pupils are por-

*Lhe application of these principles will greatly modify our practice
materinl.  Tor an illustration of the newer type see “Instructional
Tests in Algebra, Adjusted for Pupils of Varving Abilities'  Schotr-
ling—Clark—Lindell,  George Wahr, PPublisher, Aun Arbor, Mich.
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mitted to discover experimentally that the sum of the angles
of a triangle s 180 degrees and then obliged to write this
fact algebraically by the formula w--y-4-2==180 that they
are dealing with matorinl that is relatively simple because
it involves handling things, measuring, collecting data in a
table, drawing conclusions, and translating the conclusions
algebraically, These thinking proeesses involve types of learn-
ing far simpler and more conerete than the solution of a quad-
ratic equation or the simplifying of a complex fraction, Hence
practice in these matters should be given at an carly stage.
This concludes the discussion of drill.  While the list may
not be complete, it is hoped that enough has bee given to
illustrate to the beginning teacher and to the teacher of the
newer courses the principles of drill which need emphasis in
order that the work muy not become vague and indefinite.

V. GENERAL MATLEMATICS
Two opposing points of view.

There are undoubtedly numerous educational theories, Al-
most. every secondary school man has his own special philos-

ophy.
fined opposing points of view,
in the following columns;

The Older Point oj View
Essentinlly conservative,
Teach for skill
Including mueh drills;

Approach to n new coneept
throngh the detinitlon,

L

-

5. Twwding to  the deductive
method,

6. Formual language.

7. Relieving that mathemnatics,

Greek, and Latin have unique
mental diseiplinary values.

Nevertheless there are at this time two fairly well de-

The differences are suggested

The Neiwwer Point of Vicw

In the muain, progressive.

Tench for power,

Wider use of sense experience.
Approach *to & new  concept
throngh varied illustration.
Tending to the inductive method.

Lan<nage “geared” to the level of
childven,

Delieving  that  diseipline is a
funetion  of  the teacher: for
exan gle, o ocourse in indnstrial
arts well tausht by a great per-
sonality may have more diseiplin-
ary value thaa g course of geomn.
otry that is poorly taught.
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8. Striving for completeness in  Attempting to show the relatlon-

the development of a single ship between the different groups
t ple or subject, of materla.s, N

9. mphasis on the logical, Emphasis on the peychological,
10. “Take it or leave It" attltude. luslstence on motivatlon.
General mathematics has without question been the chief
coutribution of the newer point of view, :

As is often the case in educational debates: it may well be
that the truth lics somewhere between these two extreme
positions. It'is the writer’s opinion that it is possible-to set
up a program which will enable us as teachers to use the
valuable outcomes of each point of view. This program has
been previously presented in the five steps under the heading
“remedial measures.” There remains for us only to discuss
the fifth remedial step, namely the teaching of general mathe-
matics in grades seven and eight and in the ninth grade to
these special groups: (1) those who for one reason or another
are likely to have difficulty with mathematics; (2) those who
are likely to drop out before graduating from high school.

Twenty-five years ago there were, so far as is known,
no students studying courses in general mathematics. Today
the pupils enrolled in courses in general mathematics
are numbered by the hundred thousands. 1t must there-
fore be admitted, even by those who are still skepticeal,
that the rapid growth of general mathematics con-
stitutes one of the striking changes of our times.

What is general mathematics?

General mathematics is an introductory, basie, exploratory
courge in which the simple and =ignificant principles of arith-
mctie, algebra, geometry, intuitive geometry, statistics, and
numerical trigonometry are taught so as to emphasgize their
natural and numerons interrelations. There has been some
confusion of terminology.  Few people, far example, would
venture to draw a distinetion between general mathematies
and correlated matheniaties.  However, there are exponents
of the general mathematies movement who insist that there are
at least two important differences.  IMirst, that general mathe

«d
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matics is not a desirable substitute for demonstrative geom-
etry, and second, that the value of general mathematics de-
pends upon what is correlated and how it is correlated, rather
than upon the fact that something has somehogy been cor
related, It is argued, moreover, that the movement started by
Professors Moore anil Myers put far too much emphasis upon
cofredition for the sahe of correélation. General mathematics
has used the correlation idea,—tha emphasis upon inter-rela-
tions. But its chief objeetive has been wholly different from
that of correlated mathematics. The aim of general mathe-
matics is ‘close to that expressed in the document “Cardinal
Principles of Secondary Education.”” The movement, started
about ten years ago, represented an effort to get a course in the
ninth year which would more nearly meet the needs of pupils,
particularly those of low abxhty and poor background and
those who would leave school before graduating, There was no
intention to set up three or four years of college preparatory
courses. The emphasis was on the notion of a basic explo-
ratory course. IFor evidence the reader may turn to the preface
of the earliest books written on general mathematics.” At that
time it was not possible to teach such a course in the seventh
and eighth grades to any considerable extent because second-
ary school people didn’t control the seventh and eighth grades.
With the rapid growth .n the junior high school movement
the opportunity to give such a Fasic course now lies in the
seventh and eighth grades.

The aims of @ general course in mathematics.

If one glances through the literature of general mathematics
it ix noted that the following outcomes wore expected as the
results of organizing such conrses: (1) on the side of subject
matter, (a) contral of the simple and important parts of al-
gebra and geometry, (b) an introduction to triconometry and
statistics probhably adequate for common needs, (¢) greater
facility in the use of fractions (common. and decimal) and
of pereentage relations, () training in the use of a numher of
“optional” topics, e, g, logarithms, the sliderule and tables;
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'(2) the considerable reduction of the number of flrst year
failures; () incerease in the number of pupils tuking a sub-
seqiient conrse in plane geometry with interest and profit;
(1) more intelligent election of later courses in mathematics

(3) more adequate preparation tor the mathematical needs of”

other school subjects, industreial arts, houschold ams, physics,
chemixtry, and the like: (6) a beginning on the port of the
student in the technigue of investigation (many parts of the
material are organized in Inboratory form); (8) greater power
in problem solving through the use of more methods of attuck
(correlution is used as a means and not as an end); (9) »
clearer netion of the relationship of various mathematical
methods without a forced correlation (there is no attempt to
corrclate plane geometry with material from other fields)
(10) a better understunding of algebra as far as it goes (this is
probably well within the limits of ordinury life needs) ; (11) an
appreciation and understanding of the importauce of the idea
of relationship (function concept) and; (12) greater enjoy-
ment in the study of mathematies.

Conditions favering the growth of general mathematices,
! /)

Among the factors requiring the extension of general mathe-
matics courses are the following:

(1) The population of our high schools has in the
last quarter of a century been multiplied , by more

. than ten whereas the population of our 'nation has not

doubled.  This inerease in  school population has given
us a wider sumpling of the genceral public and hence has in
all probability lowered the level of ability., Certainly it has
given us pupils with less background to do the conventional
courses  successfully,  The language difficulties which the
teacher confronts in instrneting the children of recent im-
micrants,~-a problem met in many high schools,—is alone
very great,

(2) The pumber of children who should take one-vear
courses  in matthematies is very lLarge, There ate cities
of vonsiderable size in Michigan in which cighty per cent of

-
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the chillren still drop out of school before -entering senjor
high school. The mathematical materinls that should be
cimphasized are computation and the simple principles in al-
gebra and geometry which they will need in general reading,
in the shops, and in the commercinl pursuits. ¢

(3) The investigation conducted by the National Conunittee
on Mathematlcal Requirement., and reported on page 4b in the
“Reorganization of Mathematies in Sccondary Education” indi-
cates clearly that whut the college man or woman ueeds to. .
know are preciscly those elementary principles which a half
doven series of junior high school text hooks are striving to
teach with great emphasis. In the report of the Committee
we read, “It is interesting to note L w closely the modifications
suggested by this inquiry lon college needs) correspond to the
modifications in secondary school mathematics foreshadowed
by the study of needs of the high school pupil irrespuctive of
his possible future college sttendance,” and later we read,
“Thut they shonld be in such close accord wiih the desires of
college teachers in the flelds of physical and social sciences as
to entrance requirements is striking.” A caution may not be
out of place at this point. Test results, as well as common
sense, tell us that pupils forget mathematics and all other
things very rapidly. T a pupil takeg a course in general
mathematics (or algebra in the nintk grade) and no mathe-
matice in all the years that intervene between this and the time
of college entrance, he must not be expected to know much -
mathematics.  Several practices now exist to solve this prob.
lem. (a) The competent pupils are sorted out at the begin-
ning of the ninth school year and given algebra in the ninth
year to be foilowed later by geometry and mors algebra. (L)
The pupily who, after taking a year of general mathematics,
desire to enter college are enrolled in second semester algebra
and from that point an travel the usual route.  (¢) Pupils may
take their mathemities coarses in the Iater years of their
high school work., This puts their preparation in mathematics
nearer to their college eutrance. The last is but little found
in practice because manry pupils needing the course would Lo
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leaving school before they had a chance to take the course.

(4) The rapid growth of the junior high school movement
has given teachess a greater opportunity to teach worth while
courses in the seventh and cighth grades, Mo be sure there
is no reason why the same course could not be given by a
competeny teacher in the seventh and cighth gradey of the
conventional elemenlary school.  But the fact is that eduea-
tors are more anxious o initinfe solid, substantial work in
these grades once they have accepted the machinery of the
junior high school.

(5) The large number of failures together with the
very low mastery on the part of pupils who pass the
courses, makes 1t necessary that we organize the materials in
the form in which they are most readily learned. General
mathematics utilizes a wider range of sensory experience,
Everything clse leing equal, a problem accompanied by a
graplic picture is more easily understood and appreciated
by a greater number of pupils. Can *easy” mathematics be

_worth while? The psychologist says that a subject can not

be made too easy.” Surely the teacher who by keener insight
into the nature of mental life succeeds in making mathematics
clear and vivid is to be preferred to the teacher who by tle
lack of psychological insight presents the same subject matter
in a way that makes it difficult for pupils. There is evidence
that a large number of pupils in our high schools do not have
the ability necessary to pass the formal algebra eourse,—at
any rate not without some preparatory course alonyg the lines
of general mathematies,

(6) General mathematies facilitates motivation. Decause
the logical order has been replaced by the psychological
order, in which tie pupil Tearns the important principles
of algebrn and  geometry along with his arithmetie much
carlicr, the opportunity for richer application is present
thronghout the junior high school years, Tf a pupil becomes
interested in o problem in another sehool subject or in hiy
out of scliool experience, he need not be required to wait three
or four years before he can understand its sohition,  Since
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the materials are drawn from several different flelds, the il-
lustrations are more varied, Hence the gencral courses aro
suid to be more interesting for most pupils,

Conclusion,

This discussion has recognized the improvement of the
quality of scholarship as the most important problem arising
out of the last quarter of a century. Two points of view
concerning the teaching of mathematies have been presented,
These two positions appear to be widely separated. It has
Leen argued that each side has something of value in it for
us that we dare not negleet. In fact a program has here heen
proposed which would utilize the chief values from each group.
The suggestions for improving the quality of scholarship that
have been discussed 1n some detail are:

1. The formulation of a basic philosophy (from the newer

education),

2. The listing of specific objectives (from the older

~education),

3. The placing of emphasis on objective studies in the

choice of objectives (from the newer education).

4. The careful use of the psychology of drill (from the

older education).

5. The teaching of general mathematics in grades seven
and eight and for a limited group in the ninth school
year when pupils have not had these materials in grades
seven and eight (from the newer education).

Why do we always need to choose between the “old” and
the “new”? The old is never dead and the new never alto-
gether new. The leaves of a tree fall to the ground, wither
and fade only to live more vividly in the new. Not the old or
the new, but the old and the new.




IMPROVEMENT OF TESTS
"IN MATHEMATICS

By W. D. Reeve

INTRODUCTION

It will be admitted that the testing movement is wholly the
product of the last twenty-five years, Hence, theve is
8 place in this Yearbook for a section of which the aim is
to present a brief review of the various types of tests in
mathematics that have been used in this country during the
past gendration, to discuss the advantages and disadvantages
of each, to point out the progress that has been made in such
tests, and especially to recommend a better use of tests for the
future. The discussion is concerned for the most pa.t with
tests of algebraic abilities, '

It is only within the last generation that any attempt has
been made to bring about genuine reform in the method of
measuring the effectiveness of instruction in secondary schools,
The main burden of the section v ill be to recommend a new
.type of testing program where the emphasis is placed upon a
mcthod of procedurc in testing rather than upon any single
test itself,

Prognostic Tests

Tests in mathematics may be clussified under two main
heads: namely, prognostic tests and achiovement tests.
Prognestic tests are those which are given early in the pupil’s
carcer for the purpose of measuring his innate ability to do
mathematical work., By their use a teacher is enabled to
predict the probable success of a pupil in his later work. Ifor
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example, Professor Rogers' prognostie® tests were designed to
measure the specific ability of pupils to suceeed in studying
secondary mathematies, '

Prognostic tests were developed to meet the need for some
kind of instrument to measure a pupil's capacity to learn
mathematics, in order that he might be more intelligently
advised with respect to his subsequent work.  Rince previons
tests of this type, except those relating to geometry, dealt only
with the more mechanical phases of the work, mathematicians
objected to them on the ground that there is little in common
between the habits of symbol manipulation, which was
emphasized Ly nearly all the early tests, and the more funda-
mental processes of reasoning which are characteristic of
higher mathematical study. In general they maintained that
the intensive tests in special fields like arithmetic, algebra, and
geometry failed of their purpose for the reason that these
subjects are rarely applied by themselves. It should be
olserved, however, that everything depends upon what purpose
the maker of a test intends it to serve. If it i not intended
to be prognostic, there may be justification for such a test on
zome other basis.t ' '

No one seems to have claimed that prognostic tests can be,
or should be, the sole basis for prediction. Nevertheless,
they constitute an important step in the dirvection of trying to
discover those pupils who give the most promise in the field of
mathematies.  If such tests can be of assistance in helping us
in our problem of discovering individual differences in mathe-.
matical ability, they may become useful instruments for
prognosis in our schools. It should be insis ted, however, that
they must not be made the sole basis for prediction, classiflca-
tion, or guidance, because such absolute dependence would
overlook other important factors. Besides, there is no
prognostic test available today whose use will enable us to
pred M success in mathematics any more than the prophesy

sA. L. Rogers, Toests of Mathematienl Ability avpd Their Prognostie
Vitlue, Teachers College Contributions to Education, No, K9,

R, D, Wood, Measurements in Higher Frlueation, Warld Rook Co., 1948,
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of success we can obtain from any good test of abstract
intelligence.*

In a recent articlet Professor David Eugene Smith says.
“The prognostic test at its best achieves quickly and with
jmproved results that which the schools have heretofore
discovered after a loss of valuable tinie; at its worst it leads
into a determinism that is more dangerous than the extreme
form of Calvinism which left each individual absolutely with-
out hope. On the whole the tests have achieved a great and
well-deserved success, and this success will be much more
apparent when a new generation comes forward to correct the
errors of the present one.”

If such tests can be made in such a way that they may
become a reliable help in prognosis, we should all favor thejr
wider use in selecting those pupils who are most likely to
profit by advanced work in mathematics. In that case we
might and probably should, require mathematics only through
the ninth year of the junior high school, offering the sub-
sequent courses only to those who are capable of a much
higher grade of work than is now possible. 8uch proguostie
tests would then be the means of doing justice to a larger
number of pupils who are forced to study mathematics against
their will and in many cases without much gain, or at least
they could be used to advantage in determining what kind of
mathematics would be most valuable to a given pupil, If we
bad in the tenth-year, eleventh-year, and twelfth-year classes
in mathematics only those pupils who liked the subject and
were able to learn it, the joy that would come to teachers and
Pupils alike would more than offset the loss in numbers that
would result from the adoption of such a program,

Achicvement Tests
Wauile prognostic tests are concerned with ascertaining what

®*8ee¢ I5. I.. Thorndike and Others, ‘The i'sychology of Algebra. The
Macmillun Cowmpany, 1994, pp. 216-217.
tD. E. Smith, “On Improving Algebra ‘Teste® Teachers Cuollege Record,
March 1923, pp. NT-8N.
See also D. K. Smith, The Progress of Algebra, Ginn and Con-
pauy, 1025. pp. 30-48.
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a pupil is able to learn, it is the function of achievement tests
to determine what he has learnced.  Such tests are intended to
measure the progress which a pupil or a class is making in a
given topic or course, They also measure indirectly the pupil’s
innate ability, since whatever progress be makes is necessarily
dependent upon this ability. Thede tests, however, are so
affected by classroom influences that they cannot be accepted
as reliable instruments for the accurate measurement of
capacity to learn, although in general they correlate rather
highly with intelligence. Both prognostic and achievement
tests may rightly be considered diagnostic in nature, althongh
we have thus far made little use of diaghosis in the former
type. Furthermore, any achievement test may lLe made
diagnostic eveh thongh it may not be so intended, and an
achievement test may have diagnostic value and still not Le
used for purposes of diagnosis.

Types of Achievement Tests

Two types of achicvement tests have had rather wide use
in this country. The first type includes the tests set Ly the
teacher alone or in cooperation with others who are more or
less responsible for the existing course of study; the second
includes the “extramural” tests set by examiners who have
little or no direet contact with the classroom. Illustrations of
the latter type are the ordinary College Eutrance Board
Examinations, certain well-known state examinations like the
New York State Regents Dxaminations, and the so-called
standardized tests or scales.

It is not the intention to minimize the importance of any
one of the tests mentioned above, espeeially if it can be made
to serve some useful purpose, but rather to emphasize a wider
use of certain types and a more intelligent use of others.

All of the tests just mentioned except the standardized tests
or seiles belong to the class that is ordinarily known as “‘essay
type” examinations,

Some of the modern writers recognize three types of
achievement tests as follows:
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1. The traditional “essay type” examination,

2, Standardized tests or seales, _

3. _The “new-type” objective examination,

The subsequent discussion will cover all of these various types.

Tests Set by the Teacher

An entire volume could be written on the subject of tests

set by the teacher,.but space will not permit any more than a
statement of a few of their advantages and disadvantages. It
is well known that many teachers are not qualified to make
the careful anatlysis of a course in mathematies which is neces-
sary to-determine the abilities that are fundamental and those
that can or should be measured. As a result certain teachers
include in important tests a meager sampling of the large range
of abilities to be-developed and regard these few questions as
an instrument for measuring the entire fleld.*
" It is not as easy to make a good examination as many
teachers seem to think. It takes a great deal of time, energy,
and thought to construct a suitable test, but there is probably
no part of our work today where more important results would
follow than that of taking greater interest and care in making
gatisfactory tests, We have known for a long time that our
exa.ninations have been inadequate, but little has been done
about it.

Because the main purpose of diagnosis is to guide the
teacher in remedial instruction it is purposed later in this
discussion to emphasize the importance of diagnostic tests ag
instruments for niding the teacher in improving instruction,
Without some plan of discovering the particular defects of a
pupil or a class the work of the teacher is likely to be more or
less futile. .

If the proper kinds of tests are given, the progress made by
pupils can be measured, and the norms of accomplishment thus
established can be used by the teacher as a guide in discovering
the educational needs of future classes. In addition to this

B,y Waood, Measurement in Hooher Education, World Book (om-
papy. 1023. p. 161, .
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the pupils assist the teacher greatly by tocating not only their
particular difficulties but the canses of these difficultieg as well.
The assistance rendered by the pupil's introspection in diag-
nosis should not be overlooked, beeause a pupil will often find
the cause of a difficulty more quickly than the teacher,

In the second place, with many teachers the marking of test
papers is highly subjective; that is, the mark given depends to
a large extent upon the person who does the marking*®
Furthermore, the measures obtained by the teacher from many
of the ordinary “essay type” examinations are not truly
diagaostic; that is, they do not point out the particular details
upon which pupil is cither weak or strong. It is thus
cleav that i ‘ific measures for dingnosis are desired, the
ordinary exau.aation will not prove entirely satisfactory.
Instead of continuing the practice of doing injustice to
thousands of pupils every year becguse our tests are misused,
we must in some way or other develop a new marking system
which will enable us to rate their achievement in relation to
their ability.

In spite of the frequent inadequacy and inaccuracy of
teachers’ judements, both in getting good examinations and in
marking them fairly, it should be more generally. realized that
thise same teichers are in the long run the ones best qualified
to do the task. They learn not only how to make objective
tests that will have both measiring and diagnostic valve,
but they can also learn to use them intelligentiy. This ability
to use the test will increase in proportion to the progress they
make in understanding scientific methods of measurement,
Instead of constantly reminding them of their failures, without

making suggestions for improvement, attention should be

directed to the traditional method of marking rather than to
the teacher who, because of the lack of a better method, is
foreed to use one that is neither exact nor reliable.  School
marks have long been used to measure a multitude of things
which have not and cannot be measured with any degree of

*D. Ntarch and F. €. Elliott, "The Relinbillty of Grading Work in
Mathematies,” Nehool Review, April, 1913, Vol XVII, p, 234

.
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.precision.* By a proper development and use of objrctive
tests we may be able to work out a better marking system for
the future.

Tests Sct by Persons Other than the Teacher

During the past generation there have been many discussions
regarding the examinations set by state and college authorities.
Some progress has been made in the content of these examin-
ations and in the method of conducting them, but much remains
to be done before they can be said to have reached their
highest development even for the purpose for which they are
designed. Speaking of such tests, Professor David Eugene
Smitht says: “New York State has dictated by regents examin.
ations, generally good for a poor teacher and generally bad
for a good one. The College Entrance Examination Board has
also, and naturally, dictated what should be taught in algebra,
and has recently made a long step in advance by a series of
improvements. 'Each of these cases of dictation has contrib-
uted powerfully to making algebra stagnant, and each has been
potent in keeping it on a dead level of traditional mechaniam.”

Professor Smith has implied in the preceding statement that
the people who formulate the tests referred to above are often
better able to judge what is fundamental in a course than are
some classroom teaches of mathematics, In fact, the recent
College Entrance Examination Board syllabi reflcet more
modern types of mathematics courses than those which a great
many teachers are now using.t The trouble is not so much
with the original purpose of such examinations as with their
imperfect use and interpretation. In many cases these
examinations measure abilities which have not been considered
in the previous instruction of many of the teachers whose

. Dupils have to take the examinations, and consequently the

*W. Ao MceCall How to Measure in Education. The Macmillan Com-
pany, 1022, p. 59.

tDavild Eugene Smith, “On Improving Algebra Tests,” Teachers College
Record, March, 1923, Vol. XXIV, p. 87.

$See the Report of the Seeretary of the College Entrance Examination
Boawrd for 1921, pp. 1-4 also for 1922, pp. 18-19, and for 1923, pp.
1'3 alld 7“90 '
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results secured cannot be called fair measures of the teachers’:
effectiveness, 'Nevertheless it is true that the efficiency of
teachers and ‘he efficiency of classes have been compared on the
basis of the scores made on such examinations, As a result all
sorts of methods are resorted to by certain teachers whose sole
aim is to get their pupils through these examinations with a
passing grade. Such practices, it need hardly be said, do not
represent a desirable type of modern education. Since these
examinations, as now regulated and administered, have not
given satisfactory results,* the question arises as to whether or
not it would be a wise plan to. replace them with intelligence
tests or prognostic tests of some kind that can be used as a
basis for determining what pupils are able to carry on higher
mathematical work. : .

The mere fact t2.t 8o much discussion? has gone on recently
witl reference to the value of “extramural” examinationst
indica’es that many thoughtful people are not yet satisfied
with the present status.of such tests.

Standardized Tests

The so-called standardized tests have recently come into
rather wide use in this country, but their introduction has been
accompanied, in a great many places, by grave misuses, Some-
times those in charge of the testing program are so unwise as
to judge the success or failure of a teacher solely by the out-
come of certain tests. In some cases invidious comparisons
made on the basis of test results have not been checked by
careful study of the methods of teaching employed. In still
other cases certain standardized algebra tests have been
regarded as entirely reliable, and it has t.een assumed that they
could be used to measure every feature of the teaching of that
particular subject. .

*B. ). Wood, Measurement in Higher FEducation, Chapter VI. World
Book Company, 1923, )
M. Barnes, “Procrustes Redivivus,” Atlantic Monthly, July, 1925, p. 83.
$W. M. Proctor, “The High School's Interest in Methods of Selecting
Studenta for College Admission,” School and Society, October 19,

1925, Vol. XXII, pp. $41-418.

-
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Professor Thorndike says* ‘‘the testing movement is em-
barrassed by its success.” Ile says further that “improvement
in the instruments of measurement, both of intellect and of
school achievement, is more desirable than multiplication of
their number.,” 1t is proper to add that in a transition period
of curriculum construction, like tiue one in which we find our-
selves, we should be particularly careful to seek only an
intelligent use of all tests.

A great deal of the traditional algebra which has been
questioned by many teachers and textbook writers ag contrary
to modern objectives has been replaced by more valuable
material. Tt is an interesting fact, however, that standardized
tests have failed to include such material and thus have made
difficult the general acceptance of some of the more modern
algebra courses., The values claimed for standardized tests
beeause of their carefully selected content have not always been
legitimate, To quote Professor David Eugene Smithy again:
“The complaint is not so much that the tests are sclely mechan-
ical, involving only a minimum of intellectual processes.—a
fanlt that is probably inevitable in the present stage of develop-
ment, but whnich is being suecessfully removed in some of the
arithmetic tests; it is also that the material required for testing
the mechanical processes is often such as should play only a
minor role, if any, in the education of the average citizen. The
tests represent generally a dead level of dull grind, offering to
the teacher only this ideal of an algebra course. He may
escape from the curriculum, making his own course; he may
and should select from the textbook that which he nceds for
carrying out his plan; but he cannot escape from teaching
those things that are required .by outside examinations
whether they be set by boards of regents, by colleges, or by
educational testers.” I’rofessor Smith goes on to point out a

*E. L. Thorndike, “Standard Tests and thelr Use—A  Symposium,”
Teachers College Reeord, October, 1924 p. 93
D, B Smith, “On Improving Alzebra Tests,” T'cachera College Record,
March, 1923, Vol XXIV, p. S8
Nee also D, FL Swmidth, Progress in Algebra, Ginn and Company.
1925, pp. 3Y-4%. .
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1~ =ge number of examples taken from recent standardized tesis

in algebra, some of which he corhmends, but many of which he

condemns, and rightly so. For example, lie quotes the follow-

ing oxercise from one test: '

73l

w - Divide — - by Mo

' N3

e then adds: Wty should anyone ever wish to perform this

division? Tt is not algebraie, and it has no particular signif-

icance either in algebra or in connection with formulas that

are likely to arise. It is possible to test our schools on some-

thing that we have some other reason to perpetuate than the
mere reason for meeting this kind of a test.”

Wrong Use of Standardized Tests

Then, as another puts it, “Too often tests are given, the data
are tabulated, conclusions drawn therefrom are utilized by
gupervisors, and methods are revised by teachers because of
them; but the pupils who wrote the tests are not informed of
any of the results except in those rooms where unsatisfactory '
conditions have brought about attempts to shift the blame to
these pupils.” Here lies the trouble in many «f the standard-
jzed tests, Teachers and pupiwis alike are often given little
consideration in their administration, and the result is that
great loss ensues in the improvement of instruction,

Professor Woody® has pointed out that “from one point of
view standardized measurement represents the refinement ob-
tained through the crossing of current practice and scientific
method.”  No doubt many of our test makers have appreciated
this point of view, but we might have made better use of some
of their work if it had been more generally understood earlier,

Teachers always have measured and always will measure
their pupils in ome way or other, but the science of measure-
ment will not reach its maximum of importance until the
teachers and the makers of tests establish a partnership. Each
may then hope to develop scientific methods of approach, and

0 Woady, “Ntandard Tests aud their Use—-A Symporium,” T'eachers -
College R cord, Octaber, 10924 Vol, XXVI, p. 95,
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only then will the teachers themselvés have an abiding incerest
in the outcome of their work, 1t is not essential that teachers
should construct tests themselves, although inany will soon
learn the technique of the process, but they should at least be
consulted in order to assure a result that shali be generally
useful to all concerned. It may be, as Professor #Trabue has
stated,* ‘‘that college professors and graduate students of
education may continue to build and improve the measuring
instruments used in testing school pupils, but the diagnosis of
specific educational disease and the long experimentation
necessary to discover whether for a certain type of pupil more -
drill on forms will be helpful or fatal,—the ‘case work’ which
constitutes the next step in the use of educational measure-
ments,—must be done in ti:e classroom by the regular teachers.”

A careful study of many of the standardized tests shows
that they have been prepared by pesnle who select material
with little regard to the proper objec*iv:s to be obtained and
who seem to be ignorant of the plans for the reorganization of
mathematics. Moreover, there exist many desirable objectives
which were overlooked when these tests were made. Statistical-
ly the tests themselves may be perfect; but when a task is intro-
duced into a test merely because it represents a certain degree
of difficulty, it simply tends to prejudice all persons of common
Rense against the whole movement. It is such unfortunate
errors as these that retard progress.

The greatest use of standardized tests has been made in
arithmetic. This has been due to the fact that the material is
such as to be easily adapted for standardization. Even in
this field the tendency today is away from general national
standardization to practice exercises and diagnosis of indi-
vidual cases. This has been due to a realization of the
importance of giving the pupils their standing on some
definite scale of performance related to their own class rather
than to try to place them with reference to a “norm” based -
on the performance of some outside group—a practice due

M. R Trabne, “Standard Tests and their Use—A Symposium,”
Teachers Colleye Record, October, 1924, Vol. XXV, p. 95,
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entirely to the influence of the recent testing moyement.
- Chief Valuea Obtaiscd from Standardized Tests

The chief values obtained from the use of standardized tests
in mathematics may be snummarized as follows:

1. They have brought out more clearly the problem arising
from individual differences in ability among pupils.

2. They have shown us that a great deal of the traditional
material is too difficult for most pupild and therefore should
not be taught.

3. In some cases they have also shown that certain material
was easier than had been expected and that it can be learned
by a majority of pupils. - '

4. They have made it possible for the teacher to stop drilling
certain pupils beyond the stage of diminishing returns.

5. They have made it possible for us to develop certain stan-
dards of achievement which are clearly defined and which can
be assigned to varying levels of intelligence. As we shall see,
hcwever, this value has occasionally been misunderstood.

6. They have contributed to the development of more objective
methods of testing.

7. They have, when they have been intelligently used, stim-
ulated pupils to renewed effort in trying to reach certain
standards of perfection. '

All of the above outcomes have been worth while, but it is
equally true that standardized tests, as I have previously
pointed out, do not lend themselves readily to some of the
more important neede which an ideal testing program presents.
Professor Upton* has given a thorough discussion of the
influence uf standardized tests on the curriculum in arithmetie.
Professor Smitht Ifas made certain criticisms of algebra tests
and has offered suggestions for improvement. A great desl

—————

~ *C. B. Upton, “The Influence of Standrrdized Tests on the Curriculum
tn Avithmetie,” Teachers Colleye Record, April, 1925, Vol XXVI,
p. G27.

D, E. Smith, “On Improving Algebra Tests,” 2cachers i‘ullege Record,
March, 1623, Vol. XXI1V, pp. 87-88.
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of my own time in the past nine years has been devoted to a
study of diagnostic tests, and the resultst are a part of the
basis for the recommendations made in this chapter..

The Future of Standurdized Tests

It is not difticult to formulate satisfactory standardized
tests that are more objective than the older types, that are
more uniform with respect to administration and the scoring
of results, that furnish desirable norms of achievement for
guidance in future instruction, and that are much more reli-
able as measuring instruments, It is not certain, however,
that we should attempt to emphasize the standardization of
tests as measuring devices before we know what abilities we
wish to measure, It would seem that at the present time we
should be more interested in determining clearly the purposes
in view in the teaching of mathematics, the content best fitted
to help us realize these purposes, and the kind of tests that
will afford a check upon our results. This does not mean that
no measuring should be done in the meantime, but rather that
our methods of measuring should be improved before we seek
to increase the use of standardized tests.*

In all faivness to standardized tests, however, it should be
said that they have gone beyond what Professor Woody calls
the “curioxity™ stage and “the stage in which the predominant
idea was the use of the tests for determining existing levels
of achievement,” and, in some respects at least, have approach-
ed the third stage, *in which the predominant idea is the
utilization of tests as a means for the improvement of
instruction,”  They have been helpful in this third stage,
however, only as they furnish facts concerning” certain “levels
of efficiency™ reached by pupils, and thus “contribute to the
evaluation and diagnosis of the efficiency of instruction.”

Where standardized tests are valid and reliable instruments,
they may be profitably used for -purposes of “general-survey

tW DL Reeve, A Dingnostic -Soady of the Toaching Problems in Iigh
Sehoal Mathematies, Ginp and Company, 1928,

*W. = Monvoe, Theory of Fdueational  Measuvements,  Hoagghton
Mitin Company, 19235, pp. 42 and 49.
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diagnosis,” and ‘even in some cases for class and individual
diagnosis; but this work must be based more and more on the
cooperation of all concerned, from the superintendent down to

the pupils themselves.

It seems reasonable to expect that we shall in due time have
more tests that are prepared by scholars, those who know not
only the underlying principies of these devices but also the true
objectives in teaching mathematics, These tests can be made
in such formy that they may be used not only for both general
and particular diagnosis but also as aids in improving in-
struction. When this is done, the establishment of norms of
attainment which can be generally used will follow. We
should realize, however, that a teacher is not always justified
in feeling satisfied with the results when pupils reach a certain
norm of achievement. To do this is to overlook the fact that
the standard norms may be raised by lifting the general level
of achievement through better methods of teaching, On the

other hand, “they need to see that the law of diminishing

returns applies to educational products as well as to economic
products, and that continnally trying to raise the level of
achievement may result in educational bankruptey.”*

It is reasonable to expeet that we might reach our education.
al objectives without the type of test mentioned above; but
it is hardly conceivable that we shall be able to succeed as we
wish unless we develop, for general mass instruction, a type
of teaching that is based upon the specifie needs of individual
classes and pupils. This sort of instruction should be remedial
and must be based upon specific diagnostic measures of pupils’
achievements. .

It is well known that there are differences of opinion with
respect to what is important to teach in mathematies in a
given course.t Until we have a more carvefully considered col-
lection of tests, it is futile to expect them to serve any very use-

o

*C. Woody, “"Standardl Tests and their Uses — A Symposium,”
Teachers College Record, October, 1924, Vol XXVI p. 10t

TH. ¢, Barber, Teaching Junior High School Mathematies,  Houghton
Mifllin Company, 1024, p. 134.
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ful purpose, When that time comes, many to whers will consider

them no less important than their textbooks,  They will then

use tests both as teaching devices and as measuring instra-
ments in all their work,  This will be a great improvement over
some of our present practices where teachers who foel the
pressure of tests set from without fall into the habit of making
such tests their te\tlml\q.

In chapter 13 of thv report of the National Committee on
Mathenmatieal Requirements Professor Upton gave a very care-
ful and complete discussion of standardized tests in
mathematics for secondary schools. 1lis report included not
only a description and discussion of the standardized tests
in use since 1914, but also gave illustrations of specific tests
in arithmetic, algebra, geometry and also those concerned with
the measuring of general mathematical ability. Teachers who
are interested in knowing more about the nature and content
of such tests will find this chapter of the National Committee
Report a very valuable source of iniormation and help.

While standardized tests have Leen of real service in the
ways that have been pomtvd\out and therefore cannot be
condemned if they serve the pm'pose for which they were
intended, nevertheless there are reasons at present for giving
them less prominence in educational discussions and for
turning our attention to a testing program that seems to offer
us an opportunity to obtain more important results. Nothing
that has been found out by means of standardized tests is too
difficult for us to discover with the kind of testing program
which it is the purpose of this section to emphasize.

The Place of Tests in Curriculum Construction

Obviously, the most important, at 'east the most discussed,
problem betore us today is the matter of curriculum con-
struction, The task of reorganizing mathematics so as to
provide a desirable body of material for the junior agd seninr
high school involves at least four main steps.

The first step is to set up a list of desirabla objectives to
be attained in the teaching of mathematies. The second step
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is to determine the nature and the extent of the subject matter
which will best enable teachers to realize the chosen objectives.
The third step is to ‘develop the best methods of teaching the
selected subject matter. This cannot be done without some
kind of testing program whereby the teacher is able to discover
to what extent hiy methods are paying dividends. No matter
how desirable the content may scem to be and how well his
methods are perfected, it may be that the material is too
difficult for the pupils in a given year. Morcover, it may be
also true that even though it is possible for children to learn
certain things in mathematics at a given age, the: time for
learning it is too great to justify its inclusion in the course of
study for that year. We must, therefore,*have a fourth step
which is a testing program that will enable us to sce how well

- the pupils are learning the things we have been trying to

teach. This last step necessarily involves a more careful
analysis than heretofore of how pupils learn most efficier iy
and easily.

Guiding Principles Underlying Good Tests

The following guiding prineiples underlie the construction
of a good test in mathematics: '
1. Lvery test should attempt to increase the pupil's ability

" to master only the subject matter that has been presented to

him. This means. that the teacher must discern clearly the
objectives* in the topic or course ¢»4 must build his examina-
tion so as to measure the extent ro which these objectives have
been realized.  Such a procedure measures the progress made
by a pupil or a class. This is set down by some as the first
aim of an examinationt A test which has no reference to
what has already been taught cannot meet this requirement.
If pupils, who have the native capacity to leafu a certain thing,
fail to do ko, there is a chance for remedial work to bear fruit.
On the other hand, there is little to be expected or gained by
W D, Reeve, "Obidectives in the Teaching of Mathematios,” The Mathe-
matice Teacher, Novewber, 1925, Vol XV pp. 885 404,
tA. T Lowell “The Art of Examination” The Atantic Manthly,
January, 1926, p. 5N,
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remedial work in the case of pupils who have learned as well
as can be expected considering their innate capacity.  If both
the diagnosis and the subsequent remedial work suggested by
the tests are to be of value, the teacher must have at hand
specific measuremnets  of the pupil's achievement, Such
measurements can be fairly made only in a field in which the
pupil has been working.

Moreover, in improving instruction, tests that contain
material that has not been taught previously cannot have .
much diagnostic value, In such a case it is impossible to tell
whether poor results mean that the content of the course was
too difficult or that the teaching was not well done.

2. Every test should emphasize those parts of the subject
matter which are fundamental and to which the pupils have
directed the most attention.  Nothing should receive attention
that is not worth perpetuating in the course. This means that
every test should contain a thorough sampling of the fanda-
mental ideas of a topic or a course for the complete mastery of
which the pupil is held responsible. Tn other words the test
must be comprehensive. This has never been true of the
traditional “essay type” examination.

“If the two vreceding principles are adopted, the test will
be ranked as valid or as having “validity”—the property of a
test which is supposed to represent the degree to which a
test measures what it is intended to measure.

3. The scoring of every test should be made as objective as
possible so that different teachers may obtain exactly the same
results.  This means that the personal factor must be largely
removed irom the scoring of a test, and that teachers in making
up tests shonld be more careful about the mechanies of them.
If this principle is kept in mind, not only will the response of
the pupils be more uniform, hut the marking practices of those
who score the papers will be less variable This is ‘done by
making the number of items in the test as large as possible
and making each of these items have a definite response to
which all persons seoring the test papers will readily agree.
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The failure to do this is the glaring error of many “essay
type” examinations. .

4, Every test should be relianle. Reliability is that
property of a’test which measures the degree to which a test
“measures what it really does measire.” For, a test may
measure what it is intended to measure, but it may measure it
very unreliably. The determination of the reliability of a
test is, however, a mere technical matter and need not be
further discussed here. It is discussed fully in some of the
newer books on examinations.* -

5. Every test should be so constructed that it is almost
self-administering and so that it can be easily given and scored
by any intelligent person who may or may not have had much
mathematical training. In the past this has not often been
done. Teachers more generally need to transfer the enormous
amount of time traditionally given to test papers to the matter
of preparing them in accordance with the principles here out-
lined. The motto should be “llard to make but easy to give
and score.”

6. Firally, every test should make it possible to set some
sort of standard of achievemunt for a pupil within his own
group or against his own record. Of course standards are
set from without the group but they should not be considered
more important.

viich a procedure as that recommended above will enable
us to measure adequately the pupil’s knowledge of the subject
matter studied by the majority of the class, to assist the
teacher in selecting only important topics, to stimulate the
pupil tc greater effort, and to aid him in self:instruction.

It shonld be elearly understood that the method of devising
and using tests in mathematics is independent of the type of
subject matter taught in the course. The emphasis, howe r,
is placed upon the importance of testing what has been tanght
regardless of the naturve of the subjeet matter,

*(x. M. Ruch, Improvement of the Written Examination, Scott, Fores.
- man and Company, 1024
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It is clear that the old type examinations have not been based
on a careful consideration of the above principles.

¢

Pructice Tests

In any testing program the teacher should introduce prac-
tice tests both as diagnostic instruments and as teaching
devices. In fact such tests are so important that they “dte
coming to be an integral part of the newer text books. ‘yney
serve a purpose in testing specific objectives which have to be
covered in a very short period of time—a function unknown
to most standardized tests. Whether such tests should be
timed is a matter for the teacher to determine, Certainly no
undue emphasis should be placed upon the matter of speed at
the expense of accuracy. A business man need not be partic-
ularly rapid in his computations, but there must be no
question as to his accuracy. An example of such a test is
shown on pages 125 and 126,

It is clear that at Lest much time has been lost in trying to
combine mass instruction and individual instruction in some
economical fashign, One thing we seem to have learned,
namely, that of the two, individual instruction should receive
the greater emphasis, Professor Kilpatrick says that “a child
learns the responses which he makes.” The truth of this
statement makes the use of practice tests imperative. It is
here that the value of practice tests appears in enabling
the teacher to discover quickly the pupils who are in need of
help, and to keep from wearying the brilliant pupils with work
that they do not need. Furthermore, they help the pupil to
measure his own progress in any given topic, and to be more
intelligent in calling upon the teacher for assistance when * iis
progress is not satisfactory. There is little danger that such
tests will be overdone if they are also used for diagnostic
purposes,

For the pupils who need to have certain skills developed
further practice tests are invaluable, For those who do not
need it they enable the teacher to excuse such pupils from
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further practice before they are disgusted with the subject.®
Overlearning is better than underlearning, but why shounld drill
upon anything be continued beyond the stage of diminishing
returns? If only we can be a little more scientifie in our teach-
ing, we shall save hours of time which can be devoted to
additional topies in mathemuties. This will be of great
interest and value to many pupils who.at present are compelled
to drill for days upon material which they know perfectly well
and which as a result becomes an intolerable bore. This is
particularly true of gifted pupils who, in many respeets, as
already stated are often the most retarded pupils in the entire
school system.

TIMED PRACTICE TEST
Time, 5 min.

Write the answer to each problem, but do not solpe any
equation: - : '

1. What is the cost of 8 oranges at ¢ cents each?

2. A man had m dollars and lost n dollars. IHow many
dollars had he left?

3. If a boy is n years old, how old will he be z years from
now ?

D

4. Three times a certain number decreased by 4is 20. IPind
the number,

5. Find the number of feet of wire needed to inclose a lot {
feet long and w feet wide. '

6. If 4 is subtracted from three times a certain number and
8 is added to twice the number, the resnlts are equal.  IFind the
number.

7. Pind two conscentive numbers whose sum is 47.

T & Find two consecutive odd nnmbers who sum is 76,

* 0. One man has three times as much money as another man.
[f they both together have £5400, how much money has each?

*Wo A Mecalll How to Measure in Edueation, The Macmillan Company,
1922, p, 11s, .
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10. A rectungular garden plot is 8 ft. longer than it is wide.
Its perimeter is 332 ft. What are the dimensions?.

11. The sum of three numbers is 392, The sceond is five
times the first and the third is eight times the first.  IPind the
numbers.

12, A rope 90 ft. long is cut into two parts so that the longer
part is three times as long as the shorter part.  I'ind the length
of each part.

13. Eight times a number decreased by one fourth of itself
is 124. Find the number,

The median number of rights on this test is 9.

To determine the median number of “rights” (exercises
correctly solved) iy any class, find the score (the number of
rights) which has as many above as below it. It is not exrpect-
ed that many, if any, pupils in an ordinary class will complete
all the exercises correctly in the time allotted for any test,

The mecthod of determining the time on such tests is to
stop the work as soon as two or three of the pupils have
finished. In this way the test gives a measure of each pupil in
a class. A stop watch should be used, so that the results
obtained will not vary greatly from class to class. The
attempt was made in this test to get the time factor as nearly
correct as possible, but it is probable that this will have to be
further adjusted if the test is given to a larger number of pupils
than the three hundred that were available in this experiment,

The pupils were not asked to solve the equations in any of
the ~xercises above because this test was thought of as a
meusuring device ratheg than a teaching device. In the latter
case the pupils would have been asked to solve each equation,

At frequent intervals it will be necessary to construet
composite tests which contain certain representative exercises
from the practice tests that have preceded. These testy like
priactice exercises are also coming to be an integral part of
modern textbooks and the more seientifically and carefully
such tests are worked out in textbooks the better the results
should be.  The metlind of procedure in making such tests can
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best be understood by taking some definite objectives upon
which it will be assumed we are agreed and building up the
practice tests and composxte tests which seem to be necessary to
ascertain to what extent our aims are being realized,

The Testing of Specific Objectives

Let us assume fo. the sake of illustration that we have
decided upon the following specific objectives* in teaching the
formula:

1. To develop certain rules of mathematics and to translate
them into formulas.

This means that pupils should understand the meaning of
the formula as a shorthand rule of mathematics. This rule
should grow out of their experience if possible. At any rate
they should be told what the formula means as far as possible,
Here is where algebra begins.

2. To translate certain formulas into rules of mathematics.

This means that pupils must know how to use a formula
when the need «riges. That is, in getting certain required
results they must be taught how to decide which is the preper
formula to use.

3. To evaluate certain formulas; that is, to find the values
of certain letters when the values of the others are known.

These formulas should be of a difficulty no greater than that
found in the operations which the pupils have been taught or
which they may be expected to understand. ‘

4. To derive one formula from another.

This means that the pupil must be able to solve a formula
for one letter in terms of the other letters in that formula.
This involves the ability to solve equations by means of which
the “subject of the formula” is changed.

5. To represent by a graph certain formulas of a type no
more difficult than F ==9'5€C 4+ 32,

This involves the ability to make a table of values of a
formula.

*W. D Reeve, “Objectives in the Teaching of Mathematies' The Mathe-
matice Teacher, November, 1925, YVol. XVILIL pp. 6-7.
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s .
6. To understand the idea of the dependence of one quantity
upon another. )

This involves the ability to appreciate the idea of offe vari-
able as a function of.another. :

The type of equations involved are as follows:

(1), 2w==6. (2). hh=9.

(3). p+5=8 . (4)., n—4==".

The solution of such equations implies a knowledge of how
to use the four fundamental operations. -

We may then consider that the results of the tests on pages
134 and 136 inclusive will tell us whether we are realizing these
objectives. It is assumed of course that some teaching has
taken place and- that practice tests like those discussed have
been given,

Experimental Work With Tests

In order to illustrate further how tests should be used to
check up on the more minute details of our teaching I will
give the results of a recent experiment of my own in teaching
an cighth grade class in the junior high school how to subtract
one directed number from anothgr. I chose subtraction be-
cause it is probably the most difficult of the four fundamental
operations. Since in most courses pupils are asked to subtract
horizontally as well as vertically I made up two tests and gave
them two days after the teaching of subtraction was begun.
The best pupils finished the vertical subtraction test in 214
minutes and the horizontal subtraction test in 5 minutes, It
- this is characteristic of what would happen generally it is
clear that vertical subtraction is far more economical and
might well be the way to teach subtraction if it were not for
the fact that in collecting terms in an equation it is necessary
to deal with the terms horizontally.

"In cach test the first thirty-three examples represent the
ditferent types of difficulty and the rest of the test was added
merely to keep the brighter pupils busy till the slower ones had
finished the first thirty-three. It ig interesting to note that
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after two days teaching several pupils were able to obtain-
1007, maxtery on each test. These tests are on pages 132133,

The next question was to ascertain whether after teaching
the subtraction of one directed number from another I might
expect the pupils to subtract one algebraic monomial from -
another without teaching the specific operation. In order
to find out the answer to this question I arranged two tests
which involved new difficulties not included in the two preced-
ing tests where no letters were involved.  Instead of having
the adding and subtracting of directed numbers purely, I
introduced monomials of a simpler type. Some pupils,
however, were: dble to get all of the exercises correct without
any additional teaching but this was not true of all by any
means. The results, however, indicate that for some pupils
we can rely ou transfer to take care of the situation. In other
cases it is clear that if we want transfer to occur, we must
set out to obtain it. l

What I have done for algebraic subtraction I have proceeded
to do in developing other skills and abilities, namely, to
analyze eacl topic so that I have in each test all the possi-
bilities for error which the pupil may make, to try these out
on the pupils to see which ones have complete mastery and
which ones need further drill or remedial instruction. TFor a
more detailed discussion of some more of the interesting
findings of such work the reader is referred to my fuller

‘ discussion of the teaching problems in high-school mathe-
naties.*

We need next to devise some kind of machinery for releasing
the m¢ e brilliant or successful pupils from further ‘drill on a
topic, at least temporarily, when they have complete mastery,
and for bringing the slower or duller pupils up to a reasonable
standard of mastery before they are permitted to proceed.

Such a procedure as T have outlined above will bring out
two very importamt points.  They are not new, and I ‘merely
give them here for emphasis.  First .t will be discovered that

W, D. Reeve. A Diggunostie Study of the Teaching Probleme in High
Sehool Mathemalics, Ginn and Company, 1026,
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many things whkich the teacher has considered ‘easy are 'roally
difficult for all pupils: and second, that some things which the
teachér thinks difficult prove to be relatively casy for all
pupils, This shows the enormous advantage of diagnostic
practice tests which have in them every possible chanee for
error which a child may make in a given topic. It is only in
this way that difficulties in learning can be discovered and over-
come so that progress can be made, Naturally enouzh such
tests as those T have just deseribed must be repeated from time
to time if the pupil is to be expected to do them successfully.
The teacher often is not justified in saying that a pupil has not
been taught a thing merely because he does not show a knowl-
edge of it on a certain test. This is one of the major faunlts
of “extramural” examinations, They often seem to test what
the pupil has learned when in reality they do not.  The pupil

. may really have learned algebraic subtraction well enough for

a time, but in the mean time he may have forgotten certain
details through lack of practice, It is time for teachers in one
part of the educational system to atop condemaing those in
another part because their pupils do not know what is expected
of them. Such teachers first need to make sure what the
possible difficulties are in a certain topic. Second, they need
to test new pupils who come to them and if these pupils do not
know all the necessary things they should give them the chance
to relearn or, if necessary, to learn for the first time the funda-
mental things necessa~y in making the proper advance,

Our present method is often to set a test which overlooks
most of the items mentioned above and then condemn the
pupils and all their previous teachers for all the errors that
appear on such a test.

“New-Type” Objective Tests and Theiy Significance

Since everyone no doubt will agree tha* the tratlitional
“essay type” of written examination is not adequate to meet
our madern standards and since the staundardized tests or
seales of recent years have proved unsatisfactory in many
ways, let us turn our attention briefly to some of the “new-
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type examinations” ‘which are coming into favor and into
wider use and then see to what coxtent they can be utilized
both as diagnostic instruments and as mensures of achieve-
ment. Although in their use we may saerifice an important
function of the traditional examination, they serve other in.
terests which are important and whicli in the long run are
not served by the ordinary examination or the standardized.
test. This does not mean that the “new-type examination”
should replace the ordinary written examination altogether
any more than the standardized test should replace any such
examination, but it does mean that the “new-type cxamina-
tion” will reinforce and supplement the older type of examina.
tion and give us results which we would not be able to get
without its use. '

Certainly the “new-type examination” will prove superior
to standardized tests in two respects. It will enable us to
cover a greater range of skills and abilities in the same length
of time and it will also be more easily made into a teaching
device which can be used for both instructional and drill
purposes.

It has heen charged that if the “new-type examinations”
are used they will degenerate into tests of pure memory work,
but this is not true. It will be tiue only when the one who
makes the test is careless and such carelessness is common
to the traditional type of test. Some of the new type tests
lend themselves admirably to thought provoking questions
and the more care that is exerted in making them, the better
they can be made.

Npace will not permit me to go into a long discussion of
the pros and cons of “new-type” objective tests. Doubtless
there are some rough spots to be smoothed down before we can
say that the newer types of tests are what they should be.
The *truefalse” test is at present <« source of mueh dis-
cussion.  No attempt has here been made to justify any of
these newer tests.  The reader is encouraged to experiment
with them in a serious manner to see if our combined cfforts
cannot bring about a set of tests which shzil be valuable,
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The following tests are illustrations of the type of tests the
present writer has discussed, '

VERTICAL SUBTRACTION OF DIRECTED NUMBERS

Perform cach of the following subtractions, writing the
result below the line:

+8 +3 0 42 5 3
+6 —17 +-7 9 +3 +3
+8 —4 +6 0 +4 . +3
—6 +8 0 —4 9 +3
—8 '8 +4 —6 +2, +4
+5 8 +4 0 +5 —4

9 3 +5 +7 +3 —5

7 —6 —5 44 —6 +5

8 —4 —6 +6 —2 6
—6 +7 +6 —4 44 _ 6
—9 —5 3 —35 3 4

7 —8 : +2 5 —4
—8 +5 4 3 —7
—5 8 —1 ) —3 7

9 4 —5 6 —2 —S
+7 46 5 —4 v —38
+8 0 -7 —7 -2 +3

6 5 —7 4 -5 :
+5 4 8 —86 +2 2
+ 0 +8 —4 5 +2

e,
4
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a

HORIZONTAL SUBTRACTION OF
DIRECTED NUMBERS

Perform each of the following subtractions, writing the re-
sult after the sign of equality:

L4994 (+T) = 2104 (+9) = 41.0+ 4 =

2494 (—T) = 22494+ 0= 42.4 40 =
3.—0+ (+ 7)== 23. 46+ (+6) = 43. 424 (+5) ==
4.9+ 7= 24. 464 (—6) = 44, 42+ (—3) =
594 (—7) = 25— G+ (+6) = 45.—2+4 (+5) ==
6.—9 4 7= 26.6 + 6 = 46.2 4 5 =
7.—904 (—T) = 27.6+4 (—6) =  47.24 (—B5) ==
89+ (+7) = 28.—64 6= 48, —2 4 5 =

9. 49+ 7= 29. — 64 (—6) = 49.—2+ (-—5) =
10.+5+4 (48) = 30.6+ (4 6) = 50.04 (45) =
1.+ 54+ (—8) = 31+ + 6= 51, 54 0o

12 —5+4 (+8) = 32.0 + 6 = 52. 4+ 3 4 (+ 3) ==
13.5 4- 8 = 33, — 64 0 = 53. 43 4 (—3) ==
1454 (—8) = 3446+ (+4) = 54 —3+4 (4 3) ==
15, —5 4 8= 35,464 (—4) = 553 +3=

16, —5 4+ (—8) = 36.— 6+ (+4) == 56.34 (—3) =
17. 45 48 = 37.6 + 4 = 57.—8 4 3=
18.54 (+8) = 3864 (—4) = 58 —3+ (—3) ==
19.9 49 = 39. — G 4 4 = 59.0 4 3 =

20940 = 40, — 6 4 (—4) = 60, —3 4 0 ==
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EVALUATING FORMULAS

Given the formule Aw==lw, which means that the area of @
rectangle is the product of the length and width, complete
each of the following:

1. If i==4 and =3, I find. the product of 4 and ...... and
thus know that A==

2. Ifl=3and w=4, 1. ... .. . ... 3 by 4 and find that A==

3. If I=6 and w==3, I find by multiplication that A==

4. If I=3 1/2 and w==6, I multiply ....... by ... and find
that A==

6. If both ! and w have the value 9, then Awm

6. If =8 and w==4 1/4, I multiply mentally and find that
Avem :

7. If =4 1/2 and w==3 1/2, I multiply as shown below
and find that Aee

8 If I=5 1/4 and w==3 1/2 I multxply as shown bcelow
and find that y:

9. It 1=6 3/4 and w=2 7/8, I multxply ax shown below
and find that A==

10. Jf =36 and w==1.7, I multiply as shown be’»w and
find that A= '
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INFERENCES O PERPENDICULAR LINES

If a statement .in the following list i3 true, underline the

word “truc,” if it is false or partially so, underline the word
“falsc'”

1. Perpendicular lines will never meet no true—false
matter how far they are produced.

2. Perpendicular lines make an angle of 0 true—false
degrees with each other.

3. Perpendicular lines are always the same true—false
distance apart.

4. A line parallel to one of two perpendicu- true—falae
lar lines is parallel to the other also.

6. A line perpendicular to one of two per- true—falso
pendicular lines.is perpendicular to the

other also.

6. Two perpendicular lines make an angle true—false
of 90 degrees with each other.

7. If a line is parallel to one of two per- true—falae
pendicular lines, it is perpendicular to
the other.

8. If a line is perpendicular to one of two true—false
perpendicular lines, it is parallel to the
other.

9. If two perpendicular lines meet, the four true—false
angles they form will be right angles.

10. The line which measures the shortest true—false
distance from one of two perpendicular
lines to the other is parallel to both.

‘ ]
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A
DEPENDENCE OT QUANTITIES
In each of the blanks in the following statements insert the
‘word which makes the best sense:
1. The cost of a sirloin steak depends upon the .. .

per pound.

2. The value of the algobrgic expression He—3 depends upon
the value of ..

3. The circumference of a .. depends upon the
length of the diameter.

4. The cost of sending a package by parcel post to the third
zone depends upon the ... ... . of the package. °

8. Doubling the length of the radius_of a circle ...... . ...
“the circumference.

6. The number of yards of wall-paper border needed to go
around a rectangular room depends upon the ... . ... ...
and . ... ... . . of the room.

7. The number of theater tickets that can be bought with

a 10-dollar bill depends upon the ... . ... of each
ticket.

8 The .. = .. that an autrmobile can travel at aa
average .. . .. ... - of 30 mi. per hr, depends upon the

- taken for the trip.

9. The volume of a circular cylinder depends upon the
and the .. o of the base.

10. The time that it takes you to fill in all the blanks on
this page at an average rate of 4 blanks per minut»
depends upon the .. ... . . . of blanks.

11. The interest received per year from an investment of $300
depends upon tke .. . . of interest.
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Allen. G. "Objectives of Teaching In Secondary Schools.” Mathematics
Teacher, Februurvy, 1923, pp. 6G5-77.
A dixeussion of the Report of the National Committee on Mathe-
‘matleal Requirements, 1923, .

Barber, . . Teachineg Junior Iigh School Mathematics. Houghton
Mitlin Company, 1924
A discussion of the new mathematies in the junfor hlgh school,
Bobbitt, Frauklin, Curriculum Making in Logs Angeles, Chapter VII
Monograph 20, 1622, University of Chicago Press,
The chinpter s devoted to a discussion of mathematics and a
list of objectives is given.
Breslich, F. R. “Correlation of Mathematiecnal Subjects,” School Science
und Mathematics, February, 1920, Vol. XX, pp. 123-134.
One of the leading articles on this tnpw
Brown University : "Sugeestions for Students of Mathematies and T.ife
Activities.,” Bulletin of the Department of Mathematics, Sept., 1923,
Discusses the benetits that chonld be derived from the study
of mathematies, gives suswestions as to methods of studying mathe-
nuities and gives an outline of mathemnties and activities suhse-
quent to college vears,
Carmichael, R. D, “Mathematles and Life--The Vitalizing of Sccondary
Mithemation,”  Nefiool Seicnee and Mathematios, 15:105-115
Discusses the puret that mathematies plays in the Lmelopment
of the practical, acsthetic, and moral phuses of life,

Carson, (. St. L, Fssays on Mathematical Edueation,  Ginn-and Cow
pitny, 1910

Containg an essay on the "FEdueational Value of Geometry.”

Slark, J. I8 Mathemuties in the Junlor High School. The Gazette
[Press, 10235,

An unusual approach to the problemm of teaching mathematics
in the junior high school.

Davis, A, Valid Aims and Purposes for the Study of Mathematies ip
Secondary Sehools”  Sehiool Sedence and Mathemalies, 18:112-118,
'.3()‘\‘-1.".3”. al332

Liu)n I P *Phe Poxition of Mathematics.” Rdurcationa. Revicio,
l)l l‘)! "”‘

A depreciation of a purely practieal eourse in mathematies, and
sugzestiony of the great values in mathewmntics other than practlieal
vilues,

Morrivon, H. ¢, “Reconstructed Mathematies,” Thirteenth Yearbook of
tie Vational Socicty far the Study of Education, Febraary, 1914,
pp. 431, .

An early attempt to encourage reform in the teachineg of
mathematices.

Moritz, R. K. “Mathematien and Etlleiency.”  Schonl Refence and
Mathematios, 15:233.0145.

A stiatement of the contribution made by mathematles to the
development of efliciency in education to the degree in which it
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develops the power of the individusl. An appreciation of the aes.
thetiv, and a demand for honesty and truth.
Nunn. T. P. The Teaching of Algebra, including trigonometry, 3 vols,
Longmans, Green & Company, 1912,
The best modern treatment of the subject. W _—
Perry, John. "Discussion on the Teaching of Mathematics.” Report of
she Biritish Assuciation, 1901, (Out of print.)

A niost stimulating discussion by the man responsible for the
go-called Perry movement in England.

"Problem of Mathematics in Secondary Education U. S. Bureau of
Education Dulletin, 1920, No. 1.

The report is a discussion of what should be taught in mathe-
matics. how much of it. to whom, how, and why. It containg, also,
certain tentative suggestions for developing new and better courses
acvording to the needs of the students.

Reeve, W. ). “The Case for General Mathematics," The Mathematics
Teacher, November, 1922, Vol. XV, p. 381.301,

A statement of general objectives and those for ninth grade
algebra.

A proposal and explanation of a gencral course in mathematics,
psyehologically ordered so as to be the equivalent of what is ordi-
narily done in the high school plus one or one and a half years
of college work. .

Reeve, W. D). *“Objectives in the Teaching of Mathematics.” Thy
Mathematics Teacher, November, 1923, Vol. XVII, pp. 385-403.
“Reorganization of Mathematics in Secondary Schools.” . S. Bureau

of Education Bulletin, 1021, No. 32,

A brief outline of the report of the National Committee on
Mathematics suggesting courses for the different grades.

"Report of the National Committee on Mathematical Requirements,”
1923. The Reorganization of Mathematics in Secondary Education.

A discussion of the valid aims and purposes of instruction in
mathematics; reasons for including mathematics in the course of
study for all secondary achool puplls: reorgauization of subject
matter in junior and senior high schools to achieve these aims. )

Rugg and Clark. "Sclentific Method in the Reconstruction of Ninth
Grade Mathematics.” Chapter VIIIL Monograph 7, 1918. The
University of Chicago Press.

This chapter gives criteria for the designing of a course of
study.

Schorling, Raleigh. A Tentative List of Objectives in the Teaching of
Junior High Schonl Mathemutics with Investigations for the De.
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THE .DEVELOPMENT OF MATHEMATICS
~IN THE JUNIOR HIGH SCHOOL

By WiLLiam Betz

. INTRODUCTION

The following report comprises, first, a brief account of the
junior high school as an institution, and second, a survey
of the present trend in junior high school mathematics. The
prominence given to the first part of this report is due to the
“belief that an intelligent grasp of the factors which are mold-
ing the character of any subject in the curriculum is impossible
without continuous attention to the educational situation in
its entirety. Naturally, an exhaustive treatment of the many
questions suggested by this investigation would far transcend
the limits of this Yearbook. Hence there is no attempt at
completeness at any point. Moreover, for obvious reasons,
material which may be supposed to be familiar to the majority
of progressive teachers has been either omitted or presented in
outline form. In the interest of a broader point of view,
numerous quotations and references were introduced through-
out the discussion.

I. THEJUNIOR HIGH SCHOOL AS AN INSTITUTION

1. Definition of the Junior High School. The term, “junior
high school,” has been in general use about fifteen years.
Nevertheless, there is no perfect agreement as to its exact
meaning. Many definitions have been formulated. None scems
entirely adequate. From a mere state of mind, a “feeling”
or an “idea” without corporeal existence, the junior high
schooi has developed into an institution of commanding im-
portance. At first, a single sentence served 1o describe that
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idea. Its growing complexity at present seems to require
numerous paragraphs. '

Thus, in 1919, the North Central Association Commission on
Becondary Schools adopted the following deflnition: :

A junior high school i8 a school in which the seventh, eighth, and
ninth grades are segregated in a building (or portion of a building)
by themselves, possess an orgaulzation and administration of their
own that is distinct from the grades above and tho grades below, and
are taught by a separate corps of teachers. Such schools, to fall within
the classification of junior high schools, must likewise be characterized
by the following: 1. A program of studies decidedly greater in scope
and richness of coutent than that of the traditional elementary .school,
2. Some pupil cholce of studies, elected under supervision. 3. Depart-
mental teaching, 4. Promotion by subject. 5. Provision for testing out
ludividual aptitndes in academie, prevoeational, and vocational work.
. 6. Bome recognition of the pecullar. needs of the retarded pupil of

-adolescent age, as well as special consideration of the supernormal.
7. Some recognition of the plan of supervised study.

After listing forty-four aspects of the junior high school
movement, Briggs* invites the reader to make his own
definition. More recently, Davis} finds that a junior high
school worthy of the name has as many as seventeen different
characteristics. 1In his opinion, “the junior high school may
be defined as a school unit developed in the United States with-
in recent years and designed to furnish to all pupils, between
the ages of twelve and fifteen years approximately, (1) con-
tinued common education on high elementary levels, and (2)
the beginnings of a differentiated or secondary education
adapted to each pupil's individual needs.”

2. Historical Background of the Junior High School,
Students of the junior high school movement have shown that
it is the result of an older and mueh. more comprehensive
movement which may be traced far back into the past. The
essential facts concerning its more recent development have
been summarized by Clementf as follows:

The flrst vizorous, consefous discussion concerning the reorganization
of the eight-four plan vecurred during the last decade of the ninueteenth
century.  I'reshdent EBliot in 1828 strongly advoeated reorganization,
The Committee of Ten in 1802-1803, and the Committee of Fifteen in

*Briggs, The Junlor IMich &chool, p. 46,
tDhavis, C. O, Junior Hizh Eduecation, Cliap. 1.
TClenicnt, J. A, Currleulum Making in Seeoudary Schools, p. 201,
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1805 also considered this problem. During the first decade or uwore
of the twentleth century the question of reorganized secondary edu-
catton was re-discussed, divectly and Indirectly, by the Committee on
the Artienlation of High Schools aud Colleges, In 1911 by the (‘ommlq-
sion on the Reorganization of Secondary Education. in 19013-1914: by
the Committee on Ecounomy of Time, In 1913: by the Department
of Nuperintendentee, in 1916 qud by the North Central Assoclut.on, from
191N to 1922, in its yearly conferences.

The history of the contributions, by individuals and com-
mittees, which led to the junior high school movement, has
been formulated by Bunker,i Bennett} Briggs,§ Davis|| and
others.q

It appears.that after numerous pioneer efforts in various
parts of the country, “the real beginning of the present junior
high school or intermediate school movement is probably to be
found in the reorganization of the school systems in Columbus,
Ohio  (1908), Berkeley, California (1910)," Concord, New
Hampshire (1910), and Los Angeles, California (1911),7
Since that time it has spread rapidly, and is now extending
in all parts of the country.

The following table, due to Brigys, may be of interest in this
conneviion:

-

Tie Years 1N Wiicrr 272 Juxtor Hicr ScHoous
WERE ESTABLISHED

Year ) Number Year ' Number
Before 1500 ... e e 2 102 ... ] |
1003 o e e 1 1018 ... 2T
1907 ... . o LA0NE L L L4
1808 .. e, L3 1915 e e e T8
1909 .0 L3 1916 0 L L . .. G8
01 . 9

tBunker, Frank F. Reorganization of the Public Schooal System.
United States Bureau of Education, Bulletin 1916, No. &,

$Bennett, G. Vernon, The Juulor Higi School, Chap. 11,
§Briggs, Chapter I1. .

iiDavls, Chapter II.

fvaluable summaries of many articles and reports eoncerning this

perlod will be found in Uhl, W, L, "Principles of Secondary Educa-
tion,” Bilver, Burdett and Company, 1925.

K
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3. The Extent of the Junior High School Movement. 1In
1016, according to reports received by Douglas,* there were
between three and four hundred junior high schools or inter-
mediate schools. A careful estimate by the Bureau of ILidu-
cationi in 1918 indieated the existence of 557 junior high
schools. In 1922 Inglisi estimated the total number at more
than one thous -1 while Clement (1923)§ speaks of the
“fifteen hundr. - Luore jui ior high schools of the conntry,”

At the pres Ame, according to Koos,!|
thousands of other commrnities are giving serious consideration to thes
proposal to cffect immediate or early reorganization. Millions are be.s
imr voted by some of these vities for buildings for properly housing
the new institution. Junior liigh schioul textbooks in @ number of sub.
jects have long been on the market. Hardiy an edueational convention
meets whiclt does not give the discussion of the problems of this new
sclivol a prominent place on ity prozrams. Bducational periodicals
devote much space to articles on the junior high school. Departments
of cducation in colleges and universities are offering courses concerned
exclusively with its problems and these and other training institutions
claim .to be preparing teachers for it.  Stuate legislatures are enacting
laws to authovize its establishment or to rognlate its operation. These

are some of the evidences that the junlor high school is now oune of
our most engrossing eduentional concerus,

. The Changing Character of the Junior High School
[dea. 1t is very important to remember that the junior high
school jden has been undergoing constant revision. Davis.
i an admirable summary, calls attention to the three prineipal
periods or phases which the junior high school movement has
passed through up to the present time.  Whether viewed from
the standpoint of aims, of methods, or of content, each decade
since 1890 seems to have faced the problem in a different
manner.  Thus, during the fiest period, from 1800 to 1900, the
movement was ynided and influenced largely by university ad-
minixtratorsy in the second period, from 1900 to 1910, by public
school authorities; in the third period, from 1910 to the present
time, by profeasional students of pedagogy.

:—I;;ll:.ll\ \ AL The Junior Hizh School, p. 97,

IStatistios of Public High School, Bureau of Education Bulletin, 1920,
Noo 19, pp. 111-112,

finglis (Kamdel), p. 283,

§Clement, p. 2o

Kook, ppe 9t
Davis, pp. 2y and 29
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Briggst reminds us that

the reorganization of schools on the 6-6, 6-3-3, or 6-2-4 plans was not
always dne primarily to a conception of deflnite programs for educa-
tional retforms, In some instances a superintendent had an' outzrown
high school building which was too good to destroy and yet not suited
for all the elementary grades: in others there was a growth of popula-
tion in a section of the city remote from the existing high' school: In
others still there was overcrowding that could best be relieved by a
building in which pupils of the upper grades and the first year of the
high xchool ¢ould be congregated,

Inglisi describes the change that has taken place in the
aims ol the junior high school, as follows:
The carlicr proposals for reorganization were concerned primarily with
nlans for an carlier beginning and a longer period of secondary educa-
tion of the sort already represented in the high school, and the pro-
posers were actuated in large part by ideas of a louger period of
preparation for college.  Later proposals, however, snd those which
have been efective In developing the junfor high schools, were in
keeping with our chunged conceptions of the functions of steondary
educution and emphasized a different kind of education rather than
o downward exteusion of the secondary education previously provided.

Unless these, changing conceptions are consrantly kept in
mind, “there is tho greatest (lanlrer that the real reorganization,
necegsary, and intended, may e lost sight of in the reorganiza-

tion of administrative divisions.”

0. The Purpose of the Junior High School. Although
riges® obtained from 266 junior high schools specific rewsons
for their establishment, it is the contention of Clemeut that
the real motives which led to the creation of the junior-ligh
schiools ay a distinet section of the public school system are
already  being  forgotten.  Davis'] thinks that “of all the
funetions of the junior high school, that which seeks te
aid pupils in discovering their own eapacities and limitations,
interests, and distastes, powers and weaknesses, is the most
important, It is this function, above :1ll.nthvrs, {hat justifies
the reorganization of schools on a new basis,”

The relative prominence attached by school documents or

IBrizes, po 23,

Tinglis, Alexander J., Seendary Fedaeation, Chap, X (p. 263) of Kandel,
oI, tkaditory, Pwenty-tive Years of American Education, ‘I'he
Macemilinn Company, New York, 1924

*Briwges, p. Ot

ravis, p. 096
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educational leaders to such peculiar functions as retention of
pupils, economy of time, recognition of individual differences,
‘guidance, etc., was studied by Koos. Extremely significant,
if not depressing, is the low rating given to the aim which
stresses “better scholurship.”

Acording to Inglis,§ the main objectives of secondary edu-
cation are (1) the social-civic; (2) the economic-vocational;
and (3) the individualistic-avocational. To realize these ob-
jectives, he states that the school should exercise the following
six functions:

The integrating function, 'The diagnostic function.
The differentiating tunction, The propaedeutic function,
The selective function. I'he adjustive funetion.

Each of these functious should operate in the junlor high school as
well as in the senior high school. The integrating function should tend
to foster social solidarity; the differentinting function should aid in
developing personality; the selective fuuction should sift out the more
fit from the less fit; the adjustive fuuction should empower individuals
to relute themselves to the “everchanging demands of dynamic soclety" ;
the propaedentic function should prepare the pupil to continue his
studies intu their more advauced stazes: and finally, the diagnostic
function should helh the pupil to discover his own elements of strength
and weakness and to plan his life career accordingly.ll

6. Types of Organization. As might have been expected,
there is no uniformity in the organization of the junior high
school. A dozen or more varieties of its external organiza-
tion may be found in various sections of the United States.
This fact leads Koos to say that “the junior high school is hard-
ly the same thing in any two comniunities.” The forms found
most frequently ave the G-2-4, the 6-3-3, and the 6.6 plans.
Hines,* who in 1917 reported nine different types in the 300
cities included in his investigation, states that the 6-3-3 plan
has row beceme the most popular.  This claim is supported by
a study made by Superintendent I’ratty in 1922, in which it
is stated that 21 out of 26 cities of 100,000 population or above
have adopted that scheme of reorganization.

1Koos, L. V., The Junior High School, Chap. II, pp. 18 and 19.

§Inglis, A. L., Principles of Secondary Education, Chap, X.

"As summarized by Davis, p. 102

*Hines, H. €., “Junior High School Curricula,” p. 2.

tratt. O. C, “Status of the Junlor High School in Larger Cities,”
School Review, November 1922.
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The struggle between the 6-3-3 plan and the 6-6 plan is of
particular interest to the “upper high school”. An extensive
literature has arisen on the relative merits of the two types.}

It is probable that eventually each community will select
that form of organization which best fits its local needs.

7. The Program of Studies. Many questions pertaining to
the program of studies in the junior high school are far from
settled. In particular, there is a continuous struggle between
enrichment and cconomy of time, between uniformity and
variation, between “terminal® and “preparatory” values,
Nevertheless, a clearer view of the outstanding problems
seems to be emerging. i

Thus, James M. Glass, on behalf of the Pennsylvania State
Department of 'ublic Instruction, in 1922, stated the case as
follows:

It is the difficult mission of the Jjunior high school to continue a
program of studies carried through the six years of the elementary
school, modify and enlarge this program for the realization of its
own purposes, and in turn prepare for advanced types of curricula
in the senjor hizh school, It ix plain that this can be done only
throuzh successive periods in' the trausitional process,  Brietly, these
periods dre four in number: A, Adjustiment (Low Seventh)., B, Ix-
ploration and Pre-view (High Seventh and Low Eizhth)., C. Pro-
visional Choive of Electives (High Eighth)., D, Stimulation (Ninth
Yeuri.

The dangers of indiscriminate expansion are stated force-
fully by a number of writers,® Ax to prevailing types of
curriculum organization, Koos{ has investigated the relative
prominence of the following: 1) the single-curriculum type,

fSee especially, Sachs, J., “The American Necondary School,” 1912,
pp. 108110 .

Wheeler, George, “The Nix-year High School,” School Review, April
1013

Bagley., W. ., "The S&iv-Rix Plan,” School and Home Edueation,
Reptewmber 1913 November 191 and Mareh 1915

Harrig, JJ. H., "The Six-Nix Plan”” Journul of Fducation, Vol. 01, 1919,
pPp. O30 et seq;

Shaefer, Harry M., “The Six-Year Unitled tich Schiool versus tho
Senior and Junior Hich School”” Proeo NOFC AL 1020, pp. 221220

Davis, €. o, ~Junicer High- School Eduaeation,” Chap. V.

* Nee, especinlly, Dasvis, Chap. VIT; Briggs, ¢Chap. VI Clement, Chap, X
I:ztie, Chap X1, pp. H" 11N,

Kooy, ( ‘hap, 1V
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2) the multiple-currienlum type, 3) the “constants-with-vari-
ables” type. He finds the second type in use in more than a_
fourth of a large number of unselected junior high schools,
while the third is to be found in an increasing proportion of
schools. - .

In any case, it is becoml'-" clear that “no single program of
studies can be formulated that will meet all conditiony,
Programs of studies must grow out of local as well as national
and universal needs. It is as absurd te draft a program of
studies for schools in general as it is to prescribe a given
medicine for diseases in general. LEach school district has
special problems, interests, and limitations \\hxch must be
taken ir‘ account.”

8. Curriculum Problems.  An examination of hundreds of
printed courses of study has led competent critics to observe
that thus far only a beginning has been made at accomplishing
desired ends.* Many so-called junior high school programs of
study and curricula “have neither been re-cast nor re-admin-
istered in any way different from that of the perfunctory
practice under the traditional eight-four regime.,” It should be
emphasized, of course, that “the whole problem is not so much
one of new courses (curricula) or new administrative machin-
ery, as it is of reorganization and redirection of much of the
secondary school work in terms of twentieth century social
needs and values,”

The crying need of the hour is conceded to be a scientific
curriculum policy.f This means that subjective opinion,
however valuable, can no longer be the exclusive basis of
curriculum readjustments. There must also be scientific
inventories and analyses of the individual and social interests
and needs of pupils. Moreover, “it is impossible to formulate
and outline secondary school curricula apart from consciously

*See, especially, James M. Glasy, “Curriculum Practices in the Junior
High School and Gradesx 5 and 6, University of Chicago Educa.
tional Monograph, No. 25, November 1024,

tSce Clement. Chap. XII: Inglis. Chap. IN: Uhl, Part VI (pp. DS5-
662) ; Briggs, Thomas II, The School Review, February 1923,
pp. 100-110.
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recognized objectives.,” Finally, there must be a continuous
process of re-definition, becatise modern society is never static.

Hence, in planning secondary school curricula, “one of the
first steps is a clear statement of objectives in terms of the
growing needs of pupils, and of the society in which they live.
A gecond important administrative step is the provision for
an adequate time allotment for the realization of such objec-
tives as are definitely outlined.”

Viewed in the light of these statements, it is clear that
“curriculum making in our secondary schools at present is no
mean task. It is a complicated project, a stupendous under-
taking in the midst of the complexity of problems arising out
of the current changing social order. Obviously, no single
individual can hope to suggest the final procedure.”}

9. The Dcrclopment of Method. During the past .thirty
years an almost revolutionary change has taken place in the
attitude of leading educational thinkers toward the problem
of method.* This change has been characterized as a trans-
ition from Herbartian formalismn and receptivity to the
functional program inaugurated and sponsored by Dewey,
Thorndike, Kilpatrick, and their numerous disciples. The old
faculty psychology has been replaced by the mechanistic
stimulus-response hypothesis, A new doctrine has arisen with
reference to the transfer of training. This doctrine, instead of
“exploding the myth of mental diseipline” no longer questions
the faet of transfer, but is trying to determine its extent and it
modus operandi by scientific methods. IMinally, the use of
statistical methods, as applied in the field of experimental
pedagogy and in the measurement movement, is profoundly
modifying classroom technique. Naturally, these outstanding

tAttention may also be called at this point to the publications of well-
Known “curriculinn builders.'” e. g, Bonser, Charters, Bobbitt,

*For valuable reviews of thiz period. see Maddox, William A, “Develop-
ment of Method,” Chap. VI of Kandel (Editor)y, Tv enty-five Years
of American Education: also Hillegas, Milo B.. *The Problemn of
Muethod,” United States, pp. 557-096, Bducational Yearbook (1924),
Tuternativnal Iustitute of Teackers College, Macmillan Cowpuay,
1925,
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transforming influences have begun to affect the pedagogic
procedure of the best junior high schools.

Only five of the many consequences of this new orientation
can be mentioned at this point: 1. The project-problem meth-
od.7 2. The conscious application of tested objectives. 3. Super-
vised study. 4. Experimeuntal teaching on a nation-wide
basis. 5. The use of educational tests for purposes of
classification and diagnosis, and fvor measuring progress.

An enormous literature has arisca with reference to each of
these five factors. The newer contributions seem to warrant
the fecling that at last we are beginning to develop a more
discerning and critical judgment which refuses to be influenced
by every new panacea.f Above all, the feeling is growing
that “any move in the direction of the estgqblishment of a
general method is necessarily fallacious. The way to learn
to spell a word is not the way to learn to play on the piano.
Even the motivation is not the same in any but a rhctomcal
gensge of the word.”

10. The Preparation of Teachers. In 1918 the North Cen-
tral Association of Colleges and Secondary Schools unanimous-
ly adopted the recommendation

that the standard of preparation for the teacher of the ninth grade
of the junfor high rchool Le the sdame as the standard now admin-

tFor a critical review of the project method. the reader is referred to
Bagley, Teachers College Record, September 1021 ; Maddox (Kane
del), pp. 165-1786: jlorn, Fidueational Review, Jannary 1922 Brau-
o, M, K., “The Project Method in Bducation” 1919,

$8ee Dr. Thomas J. McCormack's “Critique of the Measurement Move-
ment,” in School and Society, June 24, 1922 —0Of course. ho one
desires to iznore or minimize the epoch-making contributions of
the measurement movement.  There ix, however, 8 growing resent-
ment of the ineredibly naive, aud often blundering, encroachment
of soullesy “educational machiniste”  Thinking teachers rofuse to
irnore the “full:u-_\' of the average,” or to disregard the appalling
danger of “standardized thinking™ in o demoeracy which depends
for itx very eaistence on intellizent initiative and superior leader-
ship. Snch sentiment< secin to be fairly universal. From Germany,
the o of experimental psychology, conles (he message that “on
the whole, practical teachers ave not enthusiastie over intellizence
teste; they wonld Tike to lhave, in additdon, a eound method for
measuring in the tieids of emotion and will.”  (Edueational Year-
book, 1024, po 3160 See also, Lehmann, R, as doppelte Ziel der
Erzichungz, Berlin, 1925, pp. 60 750
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istered for semuulﬁry teachers by the North Central Assoclation. An
equally high standard of preparation for the teacher of the seventh and
elghth grades of the juulor high school should be jnsisted upon as soon
as practicable,

Naturally, as one writer remarks, “these standards represent
ideals.”’  He goes on to say that “whatever standards are set
up, provided they be not mandatory, a superintendent is likely
to select the best teachers that he can find, most probably in
his own system, regardless of academic training or degrees.”

A number of studies have beén made with reference to the
preparation and training of junior high school teachers.
Thus, Smith,* in 1922, after examining the catalogues of train-
ing institutions, found that practically one-third of the states
support some activities in the training of teachers and super-
visors for junior high gchools. There were 125 methods courses
in 48 institutions. The average experience of 473 teachers in
120 schools was reported by Evendeni to be 7.5 years. The
plan followed at Rochester, New York, in the selection and the
training of a group of teachers for the first junior high school
of that eity has been described by Superintendent H. S, Weet.t

In general, the opinion scems to prevail that teachers
recruited from the grammar schools excel in elassroom control
and in teaching technique, while college graduates with speeial-
ized training are superior in scholarship. The unsolved
problem is a unizon of method and content.

11. Appraisal and Outlook. Undoubtedly it is still too
carly to expect anything but a provisional estimate of the
accomplishments and the standards of the junior high school. ||
*Smith, H. J., “Special Preparation for Junior High 'S(-hnol Service,”
dducational Administration and Supervision, December, 1922 ree
also Gosling, "The Selection aud Training of Teachers for Junlor
High Schools,” Part I, Eighteenth Yearbook of Natlonal Soclety
for the Study of Education.

tTeachers' Salarivs and Salary Schedules in the United States, 1918-19,
p. 62,

$Proe. NoOE.OAL 19168, pp. 1036-42; School Review, February 1915
Educational Administration and Supervision, September 1916.

[Davis, Chap. XXI aud XXII.
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In a very real sense. the junior high school is an crolving
institution, called into existence by many factors, most of them
of a slowly maturing force,  And it is still being transformed
by numerous influences and agencies which are often in serious
conflict with each other. [t has become the battle ground of a
corps of specialists, each expecting the exclusive recognition of
his particular point of view. The administrative expert of the
junior high school tries to solve its perplexing organization
problems by prescribing “broadening and finding” courses,
arranging - extra-curricular  activitiex, and refining time
schedules to an ever increasing extent: the educational
theorist wishes to control its methods and classroom policies;
educational psyehology demands due regard for laws of learn-
ing and for individual differences; curriculum experts offer
their eriteria of selection, evaluation and arrangement; and so
on, ad infinitum.¥

Under these cirenmstances, is it astonishing-that the finite
brain of the mere. teacher should have attacks of dizziness?
And even the texbook writer, formerly so complacent and so
painfully stercotyped, is showing slight symptoms of a bene
hirent inferiority complex. In fact, multiple authorship- has
becowe almast a necessity, That plan, however, may soon be
replaced by the codperative effort. of an endowed syndicate of
experts. Particnlarly significant is the nation-wide mobiliza-
tion of thought ou curriculum conxtruction now being directed
by @ committee appointed by the Depurdment of Superinten-
dence of the National Ede ation Association.

And so, the junior high wehool is at onece the hope and the
despair of  foiveard looking  educators. It is  the groping
attempt of adeveloping democeraecy to provide a more adequate
educational atmosphere for all the adolescen children of all
its people.

FAn amusing and realistie deseription of the “"bunzlesome and awk-
ward™ situation often prevailing even  in superior junior hizh
schouls i given by Druner, 11 BL o o The Junior Hich Sclinol at
Waork” Teachers Collese Conteibiutions to Eduaeation, No. 177, p.
12, New Youk, 1925,
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II. MATHEMATICS IN THOE JUNIOR HIGII SCHOOL

1. Underlying Causes of the Present Status of Junior High
High School Mathematics, Mathematics in the junior high
school is still in the making. Neither its purpose, nor its
content, nor its method, can be regarded as settled. The
agencies which have molded the junior high school as an
institution have naturally affected each of the special subjects
included in its program of studies. In particular, the form
which mathematics is gradually assuming in the junior high
school is the coniposite result of at least three distinct forces:
1. The reorganization movement of the elementary school. 2.
The reform movement in secondary mathematies during the
past thirty years.* 3. The change in the educational back-
ground as a whole.

It is the failure to understand and to appreciate at its true
value the legitimate and essential contribution of. each of
these three factors which is causing nearly all the confusion
of the present moment. A convincing study of their relative
significance would be a grateful task for some able student of
education.

2. How the Content of the New Mathematical Curricula is
Being Determined.  According to Professor L. (*. Mossnian,?}
leaders in education have viewed the problem of ecurriculum
construction- -not always in harmony with each other—in at
least weven distinet ways, and with reference to eleven or
more different categories. As a matter of fact, a much
simpler procedure has been at the bottom of the reorganized
curricula in our best schools. Unquestionably, the five prinei
pal sources of the new mathematical courses are the following:
1. The subjective opinions of teachers and textbook writers.

*A reliuble, connected account of this entire period ix urgently needed.
Few teachers have aceess to the original documments.  Professor 19,
H. Moore's fameus adaress is reprinted in this Yearbook.,  See, nlso
in an earlier chopter of this volume, a roview of the work of the
important committees, by Professor D, I, Smith vho has had such
a large share in the progressive movement of the past twenty.dive
years,

TMossman, L. ¢ “An Analysis of the Theorirg Basie to Curriealium
Construction,”” Teachers College Record, May, 1925, pp. 7348739, )
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2, Committee reports. 3. Objective inventories and an-
alyses. 4. Experimental teaching in representative schools.

5. World opinioa. :

Obviously, the experience of genvrations of teachers cannot he ignored.
Throughout the period considered the eriticisms and suggestions offered
by indlviduals have really been the basis o all subsequent reorganiza-
tion. 'Summaries of these suggestions have appeared from time to time.
—The  reports of the numerous general and speclal committees which
have been at work during the past thirty yvears have usually giveu the
collective opinfon of u small group of {ndividuals. Nevertheless, they
have profoundly influenced the present trend in mathematics. This
is true especially of the Report of the National Committee on Mathe-
matical Requirements—-A summary of twenty-nine objective studies
relating to the mathematics of grades 7, & and 9. was recently pub.
lished by Schorling.t These studies are of very unequal value. They
include: one analysis of “pupil activities”; six studies of the mathe.
matics needed in general reading: three studies of %he mathematics used
in business and In social life; six studies of the “academic”
uses of mathemativs; seven questionnaire investigations. The very
common fallacy of depending on the “frequency of occurrence” as a
- reliable criterion in the selection of subject.matter is strikingly {llustrat-
- ed by a number of these investigations. —Some of the contributions of
leading experimental schools are listed by the Report of the National
Committee.? Moreover, programs for experimental teaching have been
suggested by several writers.—Finally, as towvorld opinion,.the reports
of the International Commission, and numercns other related publica-
tions, have exercised a corrective and broadening iufluence,

3. Curriculum Practices in T'ypical Junior High Schools.
" A detailed Study of the junior high school curricula in four-

HIGHEST, LOWEST AND AVERAGE NUMBER OF MINUTES
ALLOTTED EACH WEEK TO THE DIVISIONS OF .
REQUIRED GENERAL MATHEMATICS IN
FOURTEEN SCHOOL SYSTEMS

“Arithmetic Algebra Intiutive Geometry
Grade | High | Low ! Aver| H 1. A I I A
5 300 125 | 204 " e . . C e
Q 275 120 2UH) - . . . . -
7 279 100 192 R2 23 23 150 ¢ S 90
N 270 ™ 165 150 Bt 104 105 9 5
9 225 100 175 3H) 100 214 125 C60) 85

t8chorling, Raleigh. “4 Tentative List of Objectives in the Teaching of
Junior High School Mathcematics,” Chap. 111, Ann Arboz, Mich,
19235,

$Report by the National Committee on Mathematical Requirements, on
“The Renrganization of Mathematics in Seconducy Education,”
1923, Chap. XII.



Mathematics in the Junior High School 155
teen representative centers was made by Mr. James M. Glass.®
Of the extensive statistical material contained in Mr. Glass’
report, the following table is perhaps of greatest interest,

Some of the other tabulations, pertaining to the mathematics
of grades 7, 8, and 9, may be summarized as follows:

Mathe- T(lm(:-é a\;er. Time, per |Lowest no |Highest no. [No. of

maties of ilx‘)eq pzlrn. ceut of of minutes |of minutes [periods
woek total. per week. iper weck. [per week.

- Grade 7 238.1 14.8% 150 300 4.1

Grade 8 - 241.4 14.3% 180 300 4.4

Grade O 208.3 18.3% 200 450 5.2

The principal findings of the report appear to justify these
conclusions:

1. There is an enormous discrepancy in the time allotment of these
schools.t

2. A glaring disagreement {n the content of the courses is noticeable.,

3. Real reconstruction of content {s far from general. In particular,
the function of intuitive geometry is often misunderstood.

4. The fallacious procedure of testing “resulls”, before valid objectives
have been formulated, is only too common,

8. The frequent absence of valid objectlves and standards makes it
only too certain that “untll su~h standards are established by a
nation-wide investigation and «, commitives in each subject field,
in which all school systems will have Implleit confldence, the present
confusion of curriculum practice and the apparently needless waste
of school time and public funds must be expected to continue."

4. Textbooks and Syllubuses. Thus far, about a score of
textbooks have appeared which are devoted either entirely or
in part to the mathematical work of grades 7, 8, aud 9. They
reflect all the conflicting tendencies outlined above.  Neverthe-
less, the total contribution represented by these publications
justifies the feeling that the reorganization of mathematics in

*Glass, James M. “Curriculum Practices in the Junior High School
and Grades 5 and 6. University of Chivago, Supplementary Educa.
tlonal Monographs. No. 23, November, 1924,

$The reader {s cautioned against the use of the above data for compar.
ative purposes. The amount of time allowed for home study or
supervised study must also be taken into account. This factor
varies fully a8 much as the gross tiwme allowance.
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the junior high school has gone beyond the initial stage, and
that it compares very favorably with similar efforts in other
subjects. )

A critical inspection of all the available texts shows that
much progress has been made in the selection, the motivation,
and the arrangement, of the topies included. On the other
hand, these texts also seem to warrant the following state-
ments:

1. An escessive variation prevails in' the degree of emphasis which 1y
placed on the various ingredients of the curriculum. 2. Intuitive
geometry Is not receiving its due shure of attention. 3. There is no
clearly defined policy with reference to-purpose or content. 4. With
very few notable exceptions, there is no evidence that the materials
included were determined experimentally. 5. A majority of the
authors evidently lack first-hand classroom experience in genuine junior
high schools.

Teachers and textbook “juries” should be reminded that the
mathematical curriculum of the junior high school is still in
a state of flux, and that, as a result, no single text or syllabus
at present can adequately reflect the ideal practice of a typical
junior high school. All existing books and syllabuses must he
regarded as provisional and tentative. That the National
Committee endorsed this point of view very emphatically, is
proved by the following quotation from its Report:

The committee is fully aware of the widespread desire on the part
of teachers throughout the country for a detailed syllabus by vears or
half-years which shall give the bLest order of topics with specific time
allotments for each. This desire can not he met at the present time for
the simple Teason that no one knows what Is the best order of toplics,
nor how much time should be devoted to each in an ideal course. The
committee feels that its recommenlations should he s0 formulated ag to
Eive every encouragement to further experimentation rather than to
restrict the teacher's freedom by a standardized syllabus.

Fortunately, there are indications that in the future the
important task of preparing textbooks and syllabuses will be
undertaken, to an increasing extent, not by mere theorists, but
by capable, wellinformed teachers who know from prolonged
experience which materials actually function in the lives of
children.

5. General  and  Specific Objectives  of  Junior ITigh
Mathematics. The most serious weakiess of the present
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situation appears to be the absence of generally recognized
guiding principles. This confusien of objectives, to be sure, is
characteristic of the whole field of secondary mathematics.*
A detailed study of the Report of the National Committee,
especially of Chapters II and III, wonld remedy many
troubles. Familiarity with the critical reviews of this Report
would also be profitable.}

Within the last few years, there has been o growing feeling
that teachers need, in addition to general criteria of selection,
a detailed analysis of the precise scope of each topic. The first
comprchensive study of such specific objectives in the field of
junior high school mathematics was issued last year by Pro-
fessor R. Schorling.t It includes a basic list of 305 elements
(9 attitudes, 63 concepts, 127 abilities, 106 items of informa-
tion.) The total number of elements considered is 454, The
author of this monograph very preperly warns his ‘readers
against a wrong interpretation of his {indings. These state-
ments are particularly significant:

The technique here employed leaves the door open for growth. It
Is conceivable that this study repented ten years hence ,would result in
many and drastic changes. Certainly the same study carried out ten
years ago would have resulted {n a basie lst far different from the one
here suggested, .. ... It {s not to be expected that this basic list
will fit every community. nor win the endorsement of all individuals,
On the contrary. the writer does not accept the basie list throughout.
..... The contention is that this chapter furnishes a good working
basis for any group of teachers that sits in conference for the purpos¢
of making a course in mathematies for grades seven, eight and nine fo:
their community.

An extensive investigation of the general and sperific objec-
tives of secondary mathematic. is being conducted at present
by Professor W. D. Reeve of Teachers College.]] Thorndike's

*Betz. W. “The Canfusion of Ohjectives in Secondary Mathematics,”
Mathematics Teacher, December, 1023.

t*The Junior High School Report’ A Discussion by Walsh, Breslich,
Betz, S8chorling, Miss Gugle. in the Mathematics Teacher, January
1021, Ree, especially, Ruge. Harold, "Curriculum Making: What
Shall Constitute the Procedurc of Nativnal Committccs,”” Mathe-
matics Teacher, January, 1924,

1Schorling, Raleigh. o,. cit., Chap. V.

FThe first part of this investigation was published in the Mathematics
Teacher, Nuvember, 1925, 1t contains a valuable list of references,




158 e ' The First Yeaibook

contrjbutions in this field have been reeeived with attention.§
]"mftlly, reports of committees, special monographs, and help-
fal articles in the professional journals,{ are constantly adding
to the fund of available information in this field. In short, if
the lack of perspective described above should continue, it
will not be due entirely to a dearth of helpful literature. .

6. The Strugy}lc between Stratified and Unified Mathe-
matirs. Just what is the best arrangement of all the items
‘which make up the mathematical curriculum of the junior high
school, will always be a debatable isswe. The carly tendency,
found especially in California,* to copy the stereotyped
compartment system of the traditional higli school, has no
serious advocate at present. A system of “units” or “blocks”
of work has very generally replaced it. This means that a
“unit” of arithmetic is followed by a “unit” of geometry, or
algebra, or trigonometry, according to the preference of the
individual school.t In reality this is still “stratified” mathe-"
matics, but the strata have become thinner. This arrange-
ment is called “general”. (or “cerrelated”, “composite”,
“unified”) mathematics. '

The effectiveness of this plan depends on many factors,
especially on the amount of genuine correlation which
it consciously realizes.] An actual “fusion” of thce mathe-
matical ingredients appears to be customary only in industrial
and manual arts classes, usually in connection with practical
problems or projects.||

§Thorndike, E. L., and others. *“T'he Psychology of Algebra’' Mac-
Millan Comnany, 1923, '

TSee, for example, Dickinson and Ruch., “An Analysis of Certa'n
Difficultics in Factoring in Algedra,”” The Journal of Educational
Psychology. May, 1925,

*Rennett, pp. 92-95.

tBreslich, E. “The U'nitary Organization of the Mathematics of the
Seventh, Eighth, and Ninth Grades”, Mathematics Teacher, Aprid,
1023,

tSee Report of the National Conmunittee, pp. 12-14: also, see Resve, W,
I). “The Cusze fur CGeneral Mathemalies”, Mathematics Teacher,
Novemnber, 1022.

“In this connectlon, it would be profitable for secoudary teachors to
study the corresponding development in the colleges.  See, for
example, Miss V. Sanford's article on “Térthooks in Unified Mathe-
matics for College Fresnmen”, Mathematics Teacher, April, 1923,

’
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Of course, the creation of a single course in “general mathe-
matics”, suitable for all schools and all pupils, may prove to be
as utopian as has been the development of a “gencral™ method,
What is needed, however, is a scientific theory of correlation,
supplem .nted by flexible criteria of arrangoment.

7. Pedagogic Considerations. For reasons of econony, a
number of closely related items will be considered together
under. this heading, .

a. Methods of Teaching. In general, better teaching is
being done today in many junior high schools than in the
average upper high school. The usual, mechanical “recita-
tions” are disappearing. There is much more “motivation”
than formerly. Drill work of a more intelligent and effective
type is coming into use. The number of trained teachers is
rapidly increasing.* At the same tite, it is significant that
only two monographs, of very moderate scope, have appeare.|
thus far, which are devoted exclusively to mathematical metl:-
ods in the junior high school.t

b.  Projects. Mu-h confusion has been caused by uncritieal,
indiscriminate eulogies of the “socialized recitation” and of
“project teaching", A return to sanity is under way. A real
“project” in mathematics takes very much time; it renders an
organic development of a cumulative subject like mathematics
almost impossible, within the customary meagre time allow-
ance; it cannot he incorporated in a téxtbook; it requires ex-
pert teaching; and ordinarily it functions only in small classes,
or in private schools. Nevertheless, supplementary projects,
conducted by inspired teachers, are very desirable.

c. Ability Grouping. The National Committee offered the

significant recommendation that “in the junior high schoo?,
comprising grades seven, eight, and nine, the course for these

*See Professor R. . Archibald's scholarly report on the “Training of
Teachers of Mathematies”, Chap, X1V of the Report of the Nation-
al Committee,

tBarboer. Harry C. “Teaching Junior High School Mathematics',
Houghton Miflin Company, 1924: the seeond monograph, in pamph-
let form, may be obtained by addressing its author, Dr, John R.
Clark, of the Lincoln School of Teachers College.




O

ERIC

Aruitoxt provided by Eic:

166 ~ T'he First Yearbook

three years should be planned as a unit with the purpose of
giving cach pupil the most valuable mathematical training he
is cupable of receiving in those years, with little reference to
courses which he may or may not take in succceding years.”

A one-sided interpretation of this statement might easily lead
to a rev. tition of the deplorable blunder of the Committee of
Ten (1893), when it refused to recognize the unavoidable dis-
tinction between “terminal” and “preparatory” courses. The
psychology of individual differences, the use of survey tests,
the introduction of a system of guidance in the larger schools,
and the pre-vocational interests of many children, have con-
clusively « " .osed of the old conception of a single course for
all.  As a: sult, there have been numerous attempts at a more
homogeneous classification of pupils, and differentiated courses
are being d. eloped.

It is too early to pass final judgment on the many related
experiments which are being conducted throughout the
country.l] Perhaps it is safe to assert, however, that a refined
system of ability grouping has proved impossible, for admin-
istrative reasons.f The logical consequence of an extreme
form of classification would be individual instruction, after the
fashion of the Dalton plan, which represents a curious rever-
sion to the days of ‘the little red school house”.

d. [’se of Standardized Tests. Much harm has been done
by the premature, mechanical use of “standardized"” tests.§
At best, the available tests can serve ouly a provisional or
investigational purpose. = The elaboration of really significant

fSee Bruner, op, cit.. Chap. 111,

tEquully futile is the attenipt to enlarge the number of preseribed or
elective courses in mathematies,  For a statement of (e thorough-
Iy untenable ideas of Drofessor Snedden. see his article in the
Mathematics Teacher, “Preseribed versus Elective Muawncmaties in
Junior High Schools”, February, 1022,

§Sec. especially, Upton, C. B, “The Influrnce of Standardizéd Tests on
the Cwrricwlum in Arithmetic”, Teachors College Record, April, 1925
Watker., Holen M., “What the Tests Do Not Test”, Mathematics
Teacher, January, 1925: Professor Reeve's report on “The Im-
provement of Testg in Mathematics”, in this volume * and the sanme
author's lutest work, “4 Diagnostic Study of the Teaching Problems
in High-school Mathematics™, Ginn & Company, 1926,
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tests will take- much time, and it will presuppose the general

acceptance of scientifically tested objectives, obviously not to

be expected very soon. In the meantime, teachers should
study the literature on objectives and on the newer types of
tests. They should then begin to experiment independently
in their own classrooms. The motto should be: “Objectives
first, then teach, test, teach again, test again.” .

8. The Arithmetic Situation. An immense amount of
work has been done in the field of recoustructed arithmetic.*
Suggestions of reformers range all the way from the complete
elimination of the subject in the junior high school to an ex.
aggerated emphasis extending into the upper high school.
Some feasible middle ground must be found. Reliable in-
ventory tests have revealed a surprising weakness in the
elementary processes and an extensive ignorance of the funda-
mental principles. Disregarding these weaknesses will not
remedy them.t DPerhaps the situation may be summarized by
stating that the present practice of the best schools involves
three typical features: 1) Carefully conducted, individual-
ized drill work; 2) the essentials of socialized arithmetic of
the community type; 3) the occasional use of supplementary
projects.t

A really scientific reorganization of arithmetic is of the ut-
most importance, since the necessary time for the newer
elements of the curriculum can be provided only by the drastic
elimination of all unessentials. In this direction, much
remains to be acomplished. Some authors and syllabuses are
still bent on making every pupil into an expert accountant,
or a bookkeeper, or a banker. Others continue to show their
preference for the eneyelopaedic bulk of the older ‘texts, Tt
should be realized at last that a highly specialized content is

sSee. for example, Monroe, Walter 8. “Principlet of Method in Teach-
tng Arithmetie”, Chap. IV of the Eighteenth Yearbook of Nat. Soc.
for the Ntudy of Hducation, Part 11,

tSee  Oshurn, W. J. Corrective Arithmetic’, Houghton Mitiiin
Company, 1924, :

$Lull and Wilson. *The Rediveetion of Iigh School Instruction”, J. B,

* Lippincott Company, 1921, pp. 74-80.
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out of place in a junior high school, and that the training in
science and in the applied arts, which is offered to an increasing
extent in good schools, renders a large part of the traditional
arithmetic course both unnecessary and obsolote.

d. The Case of Intuitive Geometry. As was pointed out
above, intuitive geometry has not yet received the attention
to which it is entitled. Tts precise function does not seem
to be understood, and even fhe excellent suggestions given by
the National Committee have apparently been insufficient. A
further campaign of education may be necessary. Above all,
would it not be possible, in connection with training courses
for teachers, to present more clearly the commpelling reasons
for emphasizing this phase of mathematical training?

Historically, mathematics was called into existence because of the
necessity for counting and measuring. This fact has given to wmathe.
matics a double foundation, namely arithmetic and geometry., It is
apparent that we cannot make or manufacture the simplest article
without giving due attention to its form. fits dimensions, and the
proper relation of its parts, Nature and the manual arty are reuudily
seen to he the two permanent sources of reometry.,  More espoecially,
training in space intuition and iu plastic thinking is at the bottom of
all forms of applied art. The geometric principles of equality, syui-
metry, congruence, and similarity, are implanted in the very nuture of
things. The art of measurement permentes the fabrie of modern
civilization at every point. Thon, too, hituitive geometry has a fune-
tional aspect through the unique training which it affords in the
discovery and fornmlation of relationships. Finally, intuitive geometry
is absolutely essential as a preparation for effective work in demon-
strative geometry,*

When thus conceived, intuitive geometry serves to vitalize
and humanize the whole course in clementary mathematics.
That these argumenty have had a convincing force abroad, is
proved by the constantly increasing attention which the lead-
ing Buropean countries have given to clementary geometric
instruction ever since the days of I'estalozzi, Herbart and

IFrocbel.§

*The writer has stated these arguments more completely in other
publications.  See “Ilustrated Mathematicgl Talks by Pupils of
the Lineoln Nehool™, pp. 23-32. New York, 1920,

tFor a hibliography exteuding buck to the year 1803, see the exceellent
monograph of the late Professor P, Treutlein, “Der Gevmetrische
Anschauungsunterricht”, Leipzig, 1011,
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10. The ILeorganization of Algcbra. After much contro-

" versy, a new and greatly reduced algebra program is taking

form. A majority of the recent writers would probably accept
this formulation of the new content: “It should include the
equation, the graph, and the formula, in a funetional setting,
together with as much purposeful technique as is needed for
the solution of suitable problems.”

Great uncertainty prevails, however, as to the significance
and the scope of problem-solving.* Some writers seem perfect-
ly willing to sacrifice the traditional verbal problems in favor
of more intensive training in other abilities.} For obvious
reasons, too, the “function concept” is still under constant
debate. Tt is conceded that genuine work in funetional think-
ing is certainly more appealing than much of the usual form-
alism of algebra, and less difficult. On the other hand, if
functionality is to be an organizing principle of fundamental
importance, the whole course must be readjusted accordingly.t
Many authors still try to retain all the old material, and at the
same time to glue on a few patches of functional work., It is
this double burden, and not the function idea as such, which is
‘ausing many secondary teachers to view the new program as a
sort of bLete noire. In the opinion of the writer, a really
organic algebra curriculum can be evolved only in a six-year
high school.

11. Unsettled Problems. Needless to say, a complete enu-
meration of the many unsettled issues in the field of junior high
school mathematics cannot be attempted in these pages. They
involve the whole domain of aims, of curriculum reconstruction,
of methods and standards,

Thus, much might be said of the stimulating influence which
is to be expected from the inelusion of numerical trigonometry
in the new curricula.  Again, it would be an inviting task, if

*See, especially, Lluda, Panl. “The Teaclhing of Elementary Algebra’,
Houshton Mifflin Company, 1925,

tSee Thorndike. E. 1. (and others), “The Psychology of Algebra*, Chap.
V.

tSee Hedrick, B. R, “Functionality in Mathematical Instruction in
Schools and Colleyes™, Mathematics Teacher, April, 1922,
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space permitted, to discuss the relation of demonstrative
geometry to an ideal junior high school program.

Undoubtedly, many of the problems which are so perplexing
at this time ean be disposed of only by continned elassroom
experimentation.  And, in .the opinion of the writer, the six-
year high school holds the key to the solution of not a few of
them.

12, The Message of Other Countries.  Mathematies, becanse
of its eosmic background, has always transcended national
and geographic barriers, Hence, the experience of other
countrios with reference to the organization of mathematical
instruction cannot safely be ignored.

Teachers of mathematies have certainly been greatly bene-
fited by constant reference to the reports of the International
Commission. Since the return of peace, after the great
cataclysm of 1914, many educational readjustments have oe-
curred in practically all the leading countries of the world.
The literature describing these changes is gradually becoming
accessible.*  IFrom the best European schools we can learn the
importance of better scholarship and greater thoroughness,
while America sends back to the Old World the inspiration
of broader horizons due to the vastly inereased scope of its
unique system of democratic education,

CONCLUSION

At the end of this brief survey, the writer is only
too conscious of the very fragmentary character of his
remirks.  IHe regrets that many questions of importance had
to be ignored entirely. DPerhaps cnough has been said, how-
ever, to convey the central messace of the story, namely, that
much progress has been made and that, on the whole, the
picture is enceuraging.  Many unselfish men and women have
assisted in making the junior high school what it is today. Its

*See, for example, Kandel. I I.. “The Reform of Sceondary Fducation
in France”, pp. 118-128, Teachiers College, New York, 1924: also
Lietzniann, Dre. W, “New Types of Scehools in Germany and their
C'wrricula in Mathematios™,  (Trauwsl, by V., Sauford). Mauthe-
matics Teacher, March, 1024,
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. .
many unsolved problems may confidently be left to the enter-
prise of i promising future,

SELECTED REFERENCESN
Part 1.

Bennett., G. V. 7The Junior High School, Warwlek & York, Ine,
Baltimore, (9149,

Briges, 1% IL The Junior High School. Houghton Miflin Comany,
Hoston, 1920, (Bibliography, pp. S20-5480) ~—

Clement. J. A, Curriculum Muking in Secondary Schools. Henry Holt
and Company, 1023 '

Davis, . O, Junior Hiqh School Education, World Book Company,
Yunlu-}'s-un-lImlsnn. New York, 1924, (Very extensive bibliography.)

Douglas, A. A. The Junior High Selhool,  Fifteenth Yearbook, Part 1T,
1916, (Bibliography of 173 titles. .

Hines, 1, C. Junior High School Currievta.  The MacMillan Company,
1025 .

»

Inglis. Alexander. Principles  of Sceondary  Fducation. Houghton
Mitllin Company, Doston, 1918,

Judd. (. . The Evolution of a Demoeratic Seanol System. Houghton
Mifllin Company, Boaston, 1018,

Koos. L. V.: The Junior Hiyh School. Huarcourt, Brace & Co.,, New
York, 1921,

vau Denburg, J. XK. The Junior figh School Idea. Henry Holt & Co,
New York, 1922,

The Junior High Schaols of Rochester, New York., (A comprehensivo
report issned by the Beard of Bdueation.) 1923

Lyman, R. L. The Junior High Schools of Chicago. The School Re-
view, December, 19241

Lyman, R. L. The Junior High Schools of Atlanta, Georgia. The
School Review, October, 1025,

Part 1I

An extensive bibllozraphy on the subjeet of Jjunior high school
Mathematies wonld exceed the limits of this Yearbook. For many
valuable contributions the reader is referved to the following sources:

1. The Report of thie Notional Conunittee.

2. The Matheuaties Teacher.

3. Schwol Seience and Mathematies,

4. The School Review.,

5. School and Society.

6. 'The Journal of Fducationul Psychology,

7. 'Teachers College 1M weord,

R The Jonrnal of Fducational Research,

9. The Yearbooks of the National Socviety for the Study of Fduca.

tion,
10, The Sapplementary Fdueatlional Mounographs of the University
of (hicugo,



SOME RECENT INVESTIGATIONS"
IN ARITHMETIC

By Frank Crare

During the last five years the writer has chosen to confine
his research work largely to the field of arithmetic. Five
major problems have been or are being given attention. Four
of these problems are:

1. The Number Combinations: Their Relative Difficulty and

the Frequency of their Appearance in Text Books.

2. A Plan for the Analysis and Scoring of Text Books in

Arithmeti,
8. Elements of Difficulty in the Interpretation of Concrete
Arithmetic.

4. The Knowledge which Pupils in the Different Grades

have of the Fundamental Principles in Arithmetic.

The investigation of the first of these problems has been
completed and the report is published as Bulletin No. 2. of the
Burcau of Educational Research of the University of Wis-
consin.

The study of the second problem is almost complete and will
appear soon in form for ‘use by siiperintendents and teachers.

The study of the third problem is complete and will appear
sometime during the present year as Bulletin No. 8 of the
Bureau of Iducational Research of the University of
Wisconsin, '

The study of the fourth problem was begun only this year
and will not be complete for another year.

This paper presents a summary of Problems 1,2 and 3 as

*Detuiled Investigarions and controlled experiments are distinetly the
product of the last quarter of o century. The Yearhook would not
be truly representative of the recent developments without a
sampling of the newer types of materials that are developiug to
gulde our practice—The Lditors.
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stated above and sets forth briefly the procedure that is being
used in the study of Problem 4.

In the study of the number combinations a total of 10,945
pupils were tested. The number of answers to combinations
was 3,862,332, The first and second books of two series of
arithmeties were analyzed.

Test A—ADDITION

1 3 9 5 6 7 8 1 1 3
2 4 3 2 3 1 4 4 6 8
4 9 4 5 8 1 0 8 7 4
5 3 7 6 7 9 7 5 2 1
0 5 3 5 6 8 1 3 7 8
2 5 3 0 0 1 7 7 1
0 2 3 2 6 9 4 1 3 4
4 9 2 7 0 2 0 5 6
8 2 5 2 5 -7 5 0 6 0
9 6 1 8 0 9 8 9 6 3
8 5 0 9 2 4 3 2 : 1
8 9 6 4 1 3 2 5 6 7
4 6 8 5 3 7 6 7 9 7
8 1 3 4 9 4 5 S 1 0
6 2 1 2 7 9 0 7 1 4
8 7 4 0 5 6 8 3 8 0
9 1 7 2 0 5 6 9 6 1
2 3 6 4 1 3 4 8 2

8 0 9 8 9 3 9 6 4 0
2 5 7 5 0 0 5 0 9 0

Tn determining the relative difficulty of the number com.
binations pupils were tested in two ways: Iirst, the
combinations were presented to the pupils in single form as
ig shown in the prording table.
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The combinations listed above were read to pupils at the
approximate rate of one combination each two seconds. The
rate was determined by experimentation and the time was -
made short enough to prevent a pupil’s counting or getting the
answer in any other round-about way. Pupils wrote their
answers on specially prepared sheets. The purpose of the
8tudy was to determine which combinations had been reduced
to the automatic level. The results may bé said to indicate

TEST B—ADDITION—PUPIL'S SUEET

Combinations in Problems .
{One) (Two) (Three) . (Four)
1 0 [ 4
3 3 4 9
5 [} 0 4
4 2 4 1
0 4 4 7
] 7 5 3
7 5 2 4
3 5 8 [}
(Five) {8ix) {Seven) (Eizht)
0 7 7
2 5 0 2
3 8 5 3
0 9 8 8
7 3 9 8
5 9 9 0
3 8 1 4
7 4 1] [}
{Nine) (Ten) (Eleven) (Twelve)
2 78 60 38
3 76 81 53
8 99 56 03
7 37 63 ol
0 bsli] 97 49
8 54 07 03
3 39 35 51
7 61 65 49
(Thirtesn) (Fourteen)

22 0

14 12

01 85

H7 12

2 R2

18 63

24 71

78 29

the relative learning difficulty of the combinations.
Second, the combinations were presented to pupils in ex-
amples as shown on this page. g
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In this test it will be noticed that the sum of the first two
numbers where the pupil starts to add (at the bottom) is 10.
From this point the pupil meets, eg. 5 48, as 15 + 8, or 28
48, or 3548, ete. In other words the basic addition com-
binations appear as secondary combinations.

Pupils were tested individually, the pupil adding aloud and
giving each step while the feacher checked the results on sheets
especially prepared for that purpose. If the pupil gave any’
step wrong he was set right at once and allowed to proceed.
In this way the teacher could determine which combinations
were missed. There was no time limit, the pupil taking all the
time he needed for each combination and getting the answer
in any way that he might choose. '

The same general procedure as is indicated above for
addition was used -for subtraction, multiplication, : and
division in both Test A and Test B. .

Bulletin No. 2 presents the results of both tests by grades,—
Grades 3 to 8 in addition and subtraction, and 4 to 8 in multi-
plication and division for Test A, and Grades 4 to 8 in all
processes for Test B. The Bulletin also gives the results fur
these grades combined. .

One very important outcome of the investigation is the fact
that the relative difficulty of the combinations presented in
the two ways is not the same, Table T below, giver the one
hundred addition combinations arranged in decreasing order
of difticulty according to the two tests.  The combinations are
arranged in four groups, the hardest twenty-five heing indi-
ated by (1), the next hardest by (2), ete,

Note: The author is naturally primarvily intevested in the investization.
al aspects, but there are important pedozosieal implications,  feachs
ers lirve used this list for dingonisis to discover what combiuntions
hitve not been mastered,  For example. an eighth crade boy made a
very fow mark on standarvdized maltiplication teste. e teacher
ashed him to give the produets for the exepeises in columns A ond
B under muitiptication in the table on the following pages. It way
thseavered that this boy Ineked only keven multiplieation combina-
“ions The vealization that he had only <even facts to learn ingtend
ol a hopelesaly lavge nmmnber was g cew challenee. Ina fow davy he

was ahle to ke nu exeellent showing an three diftepent multiplica
tion tests.- -'the Flditors,

ERIC
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[]



170 The. First Yearbook

TABLE I

A list of the combinations in decreasing order of difficulty when
presented singly (in the A columns) and when presented in
examples (in tie B columns).

AbDITION SUBTRACTION  MULTIPLICATION DivisioN

A B A B A B A B

1 @ (1) (1) (1) (1) (1)
8+5 449 14-9 11-3 7TX0 0Xx2 2+2 4947
7+9 946 13—f 15-—9 0X5 9x1 9+9 51+6
5+8 6+7 16—-9 8-t 0X7 9X7 28+41 45+9
94+7 846 14—5 11—+ OX1 8X06 1+-1 27+3
6+8 649 17-9 14--9 4 X0 8X3 36+4 567

6+9 349 15-9 7—-0 O0X8 77X 8+8 28+4
5+7 548 ‘17-8 9-—1 0X2 O0XH 3+3 214
7+8 749 15—=7 -15-9 0X4 OX7 6+-6 36+6
8+7 549 13—-90 9-0 2X0 X9 56+8 48-+-6
9+6 8+5 13—-5 11-2 OX6 7X8 54+0G 488
54+9 949 16—-7 11-7 9X0 4X8 7+7 217
849 745 13—7 15-8 8X0 (X8 9+5H 18+2
8+6 4-8 13—-8 13—=-53 O0X3 7TX¢ 4+-4 213
447 249 11-3 16—7 6 XU 9X%x0 63+9 36-+4
7+5 746 14—35 9-9 0X9 8X7 - 0+35 72+9
449 348 12—-3 14-5 3X0 7X9 0+-9 65+9
9+5 747 15—-6 13-8 IX7 8Xt 54+9 40-+8 -
9+4 6+6 14—8 10-2 HX0 6X2 0+2 324
6+7 447 12—5 '13-9 1X0 0X9 0+7 35+7
5+6 648 12—-7 13-4 8X7 9X8 0+-8 35+5
4+6 9--7 11—-4  5-0 OXu 0OX3 0+-3 18+3
7+6 8+8 i1—6 5—4 HX9 ©X8 64+-8 15+3
7+4 943 I6—-8 6~0 -7X9 0OX1 48+8 45+5
94+8 948 1I8—=9 93 7X8 8X9

3+7 849 11-9 17-9 6X8 8X%X3

@ @ @ @ @ @ @ (@

9+0 143 11-7  6-3 8XH 8XO0 0+4 427
2+6 847 13—4  6-—0b 4X9 7TX3 0+6 519
9+3 547 15—8 13—6 4 X7 TX5 42+7 306
0+6 748 8—H 2-2 1X1 6X7 36+9 287
6+5H 242 I11-5 8-8 8X9 9Xb 28+7 213
3+8 3+6 11-8 11-5 IxXt 6Xb 637 27-+9
3+4 843 9—-2 tH—4 X1t 5X1 27+3 648
349 7+4 10—-3 -7 TX6 6X4 21+8 81-+9
2+3 9+4 10-9 12-5 8X8 TX7 48+-6 36+9
3+5 149 14-7 8-—-1 8Xd TX1 24+4 18+0
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ADDITION

A

6+3
7+3
2+7
8-+4
448
8+0
140
5+2
4+2
1+2
5-+3
0+3
0+5

H+1

7+0

(3)
847
041
742
149
0+5
8+1
642
0+4
346
042
244
340
445

0-+8.

6+0
&+3
8+2
644

b+b

B

4+4
148
248
34-7
246
347
945
144
145
14-7
942
445
344
642
146

(3)
446
247
643
645
1+2
H4-3
245
2+4
343
h46
T+ 3
H4-5H
143
640
8§44
H+4
141
241
644
243
049
046
7+2

3 041

d+1

TasLE I (Continued)

SUBTRACTION MULTIPLICATION

A

12—4
10—8
7T—4
12—8
1-0
8—3
7—0
12—-9
10=5
10—6
8—-0
2—-0
9-7
9—4
4-0

(3)

3—0~

5—0
9—6
§—2
10—4

B
14—6

n—1

11 -8

14-=7

7—1
9—6
4—1
15—6
7-5
2—1
7-3
8—~2
15—=17
7—2

“12—4

(3)
10—1
9-2
9-8

A

"84

98
9X3
X6
6X7
4 X8
3X8

4 X

HX8
3X9
X7
3 X7
SX7
HX9

L IX3S

(3)
7X3
9X9
7X5
45
34
24
42

- X3

6X6
6X3
6 X4
1X?2
0 X0
2X46
3X46
8X3
X2
3XH
8 X1
1X9
4X3
HXH
3X3

OX1

7X2

B

4X0

0X6
a9x9
9x3
3X0
4 X9
7X0
9X5H
8Xb
0X4
X2
3X2
OX5H
5X6
5X8

(3)
4%0
4X14
4 X7
3X1
X1
3X6
2XU
OX3
HXQ
228
yX1
X7
3X9

4X2

-+ 171

DivisioN

A

2+1
497
408
72+8
18+6
21+3
72+9
9+1
240
0+1
63
32+4

32+8
30=+5
27+9

H+1
16+4

7+1
i2+4

B

637
42 =6
56+8
162
24 +8§
72+8
16 +4
20 +4
305
14 =7
14 -2
25+5

<l ofe ol ofe ofe ofe oo
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Table I (Continued)

ADDITION SuBTRACTION MULTIPLICATION DivisionN
A B A B A B A )}
4 @ (4) (4) 4 @ 4) (4)
7+1 342 6+1 17-—8 2XT7 2Xl1 10+5 9-=+1
249 140 2—1 8-=5 2X3 2x2 21+7 4-+-¢4
245 641 Hh—2 18—-9 4X1 6X0 21+3  0+3
248 741 6—-3 7-7 4%+ 3X3 305 3-+3
444 0+7 3—1 3-—1 oX2 8X2 12+3  3+5
441 044 7—1 5-2 7X1 8Xl1 15+5 0+4
34+1 04-3 4—-3 1—1 8X2 1X0 126 9+9
440 442 h—H 5-3 3X2 3xt 30+6  0=7
148 240 - 8—4 10—4 3X1 1x2 162 -0-=90

94+9 349 6—-5 T7—4 6X1.,3X%X8 14+7  0-+5
+7 045 9-8 4-0 I1X8 4X5 20+5 (=1
24-0 440 4—4 4-9 S5X4 1X9 8+2 (0+8
6+1 0+8 9—-1 8—-0 2X9 1X8 12+2 1=+1
544 842 9-9 5-3 2X1 2Xu 13+3  0+9
343 542 Hh—3 11-0 IXd 1X3 14+2 8+1
141 540 5—4 10-—-5 IX3 7X2 10+5  2=-1
942 441 1-1 3-3 2X2 1XS U+2 0=1
8+8 740 8—1 4-3 IxX2 2X53 81+9 8+2
1+3 241 4—-2 4-—-4 2X8 3X3 0+3  0<2
146 941 ‘0—0 10—06 IxX4 2X7 10+2 4-+1
147 541 3—5 322 - 2%X)H 1XS8 23+3  7+1

3+1

24-1 042 3—2 10—-9 IX3 1X7 42
24+2 940 7—7 10-8 OX1 1X+ '
5+5 840 6—1 12-¢ IX7 H5X2
0+0 0+0 0—-0 0-0 CXx0 "0OXUu

-1

In the first (hardest) sgroup of twenty-five combinations in
Table I, Column B, are found the following: —6 4+ 6, 7417,
84+8,949. In Column A, however, the last three of these
are found in the fourth (easiest) group, and the first one is in
the fourth place from the end of the third group. In multi-
plication all of the zero combinations except 0 X 0 occur
before any of the other combinations in Column A, but this
is not the case in Column B. In division, eleven combinations
in the first group in Column A oceur in the fourth group in
Column B. (Note ‘especially 2+ 2 and other similar com-
binations.) Many other comparisons may be made all of
which point to the fact that the difficulties which pupils cn-
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counter with the combinations are not the same when they are
presented singly and when they ave presented in examples.

The Pearson Coefficients of Correlation between the difficulty
of combinations presented in the two ways for the different
processes are as follows:

Addition e, BHid
Subtraction e 390
Multiplication S ... .DS0
Division . o022

These coefficients correspond roughly to the relative degrees
to which the pupils have mastered the combinations in the four
Processes,

In an editorial in the Journal of Educational Research for
Deeember, 25, Buekingham presents coefficients of correlation
between the difficulty of combinations as found in this study
and as found in the study by IHolloway* and also by Smith.t
Holloway confined his attention to the forty-five combinations
in addition - and multiplication regarding, for example,
9 .15 as the same as 5+ 2 and 2 X 5 as the same as 5 X 2.
Buekingham's coefficients between Holloway’s results and the

resnlts of the present study arve 670 for addition and 840 for

multiplication.  Smith used a very small number of pupils
but used the one handred combinations in addition, sub-
tract.on, and multiplication and the ninety in division as
was done in the study at Wisconsin. Buckingham's coefflei-
ents between Smith's results and the writer’s are ag follows:

Addition USSR 780
Subtraction e ... R10
Multiplication D c. 790
Division A {11

Unfortunately Buckingham does not state whether in
determining his correlation he used the results of the A or of

*Holioway, . V. An Experimental Study to Determine the Relative
Diffienity of the Elementary Number Combinations in Addition
awd Multiplieation.  Ih, . Thesis, University of Dennsylvania,
June, 1014

$8Snmith, J. . Arithmetical Combinations, Elem. Sch. Ji. 21, pp. 762-70.
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the B tests from the present study. “Neither does he state

whether in.the case of the Holloway study he used from the _

writer's study the same grades used by ITolloway or wot.

Teachers and text books have for a long time -spoken of
forty-five number “combinations. In doing so the zery
combinations are neglected and it is assumed, e. ., that 349
is the same and 94-3, and 3X9. the same as 3.

Preceding tables have made it elear that the zero combina-
tions are not- a negligible consideration when accuracy” iy
desired.  The question as to the identity of the vwo numbers
of a “pair” of combinations, e. g, 349 and 943 may
be discussed on the basis of their identity as a stimulus
in connection with a namber habit or on the Afsis of
their equality of difficulty when the answers are determined
by some thinking procedure. In either case it scems that if
the two combinations are identical, they should have the same
percentage of error and also the individnal pupils who miss the
one should miss the other. That such is not the case appears
in the following tables. Table IT gives the percentage of error
for each of the two members of all the pairs of combinations in-
addition (on the left) and then (on the right) gives one of
the two members paired with a combination to which it is more
nearly equal in diffien)ty than it is to its mate. For example, it
will be s2en in the first line of the table that 0 4 1 has a. per-
centage of error of 4.7 while 5.3 is the percentage for 1 4 0,
and that 0 -+ 1 and 0 4 7 have exactly the same percentage of

error. The table is for the A tests. N

In only two cases, 4+ 4+ 8 and 8+ 4, and 5 + 8¥%nd 8+ 5

~are the pereentages of difficulty more nearly equal for -the two

members of a pair of combinations than for one of the membe =
and some other combination. Not only is this true but the
percentages for the two members of pairs often differ very
materially,

Thét A testy, it will be reecalled, measure the degree of
antomatization for the combinations. Since this is the case, it
appears rom Table TI that the two members of a “pair” of

‘combinations are not identical as stimuli in connection with

l® o¥

o
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SHOWING THAT MEMBERS OF “PAIRS" OF COMBINATIONS (e. g., 3+

NO MORE ALIKE IN DIRFICULTY THAN ARE

5 and 5+3) ARE

OTHER COMBINATIONS. BASED ON THE A TESTS

2
»| =28 PO MNNR Mt OO Nt Ot WDNFM it OMIWLDMN ODNWN OWRD Wi~ 1 O
= £3 FFFFFF+H++ FF+F++++ FHHE A A A A+
B S OMNODI-CWPY Mt OV =HEO NOEDNIT MDNDON MOLXD WHERY SOD 9N D
[ -, -
.ﬂl” mhw 7494.6-“?\.,9.\.3. Cleml=T A LI 0-400830 eOPr- DD 3~l.r08nv L Sl T ] CTTIe WO [ ]
2 os CEHPIEDENF BDNAD et Ny OO DIMN QOTCRTE *DHOED VoD S = O
ﬁ..a. o -t ot et e =t -t
[T =
L3
]
-P
7. -, '
= mm P SHOROD Cimtle P XD OP—N—=m #° 4TS ATOA~ VO OV D X
% o E PPN PP DEER NN DA=SND P00 DD CXDON BWetrO OM—t =7 O
=4 & =1 — et et ettt
2 o O .
-t
a
c *
= &
= Eq MR R TG CINPNTELD SN NP0 WNESHhNO WSRNO O-TO XD XD o
2 =3 Lttt 44+ FF++F+H++ A+ A+ A A A+ +
] 5 OCODEDODEDD ——tmrttm et INNNNNN MMEMMMN EH"wd NOON COD - ©
~/ 3 -
. 1}
Z L '
=~ TOoOTODODO0 —t e vty ot ot vt ot MITINTITITIN - MMM W ep pep DTV [-ogd=R-= TN o ¥ o [ ]
Z5| IFFFFEFFF F++HHHH+ FEHH++ B s 2 o o
s= E-NMPDDNG NP IT DD MHNTHLD TODELND NESBVE ORLO oD XS O
“J
i - .
£ =i 9%
5 mw MOMLLRL PN EDIDODCMEN NANMPIIR FNTETO BANOAD MBCO —XW ON
b= o BEHN MW NN TNNEN MO P PN ORDEME LNXBE OO T 0O~ —w
£ £ - - =3
E
\o 3
e -
—-— T le .
© €2 M CHTINOD NP ertOD OP—nL e TNETae NDTSL—~ XSO OX—~ D ©
£ o PR DR DBNNMNTUmDIE CHNIMMN TDFETD EXSTD A—~FS MM~ O
3 e & = ——— e .
o =~z
PR
g |
! .mm. l).‘.(.li.‘..‘.h..?gnu Eo Bl Tiodlod Lok o or” helle 23od=d S o 4..-&”71.5" [efiol L3 sbad L= B gher] P o [=+]
21 4+++brddt dhbdt b bbbt I A T O o S L o e o o o ol s o
2%, 5COTTICOD ~mmmemeems JNNNNNN GEHENT EPTS 000 2D e o«
LT -

number habits,

It might be that the pupils who missed the first member of
a pair of combinations were not among those who missed the
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second member. Tf this were the case, it might be concluded
that missing such combinations was largely or wholly a matter
of chance, It is of significance then to know: (1) To what
.extent pupils missed both members of pairs; (2) To what ex-

THE PERCENTAGE OF PUPILS MISSING: 1 BOTH
PAIRS OF COMBINATIONS; (2) THE F

Tasre 111

MEMBERS OF

IRST' BUT NOT THE

SECOND; (3) THE SECOND BUT NOT THE FIRST

Pairs of Misse-d | Misyeld Pairs of
Comtrnations | Muosed | ist not | 2n-l not | Comtsnations
=== —-—-! bhoth 2l 1st e
Ist nd 1<t 2nd
241 142 .36 54 148 743 3+7

) 4431 344 102 7200 291 | 14e| K

342 243 .60 78 3 44 1 +0 0 +4

245 5+2 1.08 1 0% 24 U +2 249
et | vt e e ——————me | e e e

B6f 63 | 1o2 | v20 | 30 | 143 3¢t

147 7+1 ] 30 U0 1.8 T +5 6 +7

4 844 a2 3 49 205 _'-’ +4 442
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tent they missed the first member and not the second; and
t3) To what extent they missed the seeond and not the fiest,
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These questions are answered in Table 11I for 1750 pupils in
connection with the A tests for addxtxon, the plpils being in
Grades 3 to 8 inclusive.

TasLE IV

THE PERCENTAGE OF PUPILS MISSING: (1) BOTII MEMBERS OF
PAIRS OF COMBINATIONS; (2) THE FIRST BUT NOT THE
- SECOND; (3) 'THE SECOND BUT NOT THE FIRST

Pairs of Missed | Mixsed Pai.s of Missed | Missed

Combinations | Missed | Ist not | 2nd not | Combination Miserd [ 1xt not | 2nd not
——— e buth 2nd 18 | =y = bath 2ud Ist

1st 2nd 1st 2nd

241 142 .36 L6 1.08 743 347 1.74 2.40 3.40
443 344 1.02 .72 c2.04 148 841 .48 .60 2.10
342 243 .60 .78 2.94 4 40 044 .36 48 2 22
245 542 108 1.08 2 46 942 249 .42 90 1 32

3+61‘ 643 1.02 1.20 3.06 143 3+1 42 .78 1.20°
147 741 | .30 .40 1.38 746 647 2 40 3 72 3 8o

4+8 | S+4]| 132
6+1] 146 24
B+3 | 3+8| 114
S5+4 | 443 .54
349 943 | 1.38
“7+4| 47 270
643 | 5+6| 1 68
748 | B47| 540
Tow1| 149 48
7+0 | 047] 132
Toas| Ben ] s an

a - - -y

-~ - et [ B ™ P
A TR
Tre e |

G
Th Ihr.l , o
Ches T

The majority of *he pupils got both mémbers of the pairs
right.  Now, if a larger percentage miss both than miss one or
the other. the imldentity of the two would he fairly well estab-
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lished. This, however, is not the case. In every one of the
forty-five cases in Table IIT the percentage for one of the mem.
bers is larger than that for both. It seems, then, that the two
members are not identical since they are not at all equal in
difficulty.

It remains to be seen whether the same donclusions may be
drawn from the results of the B tests. This appears in Table
IV which is for addition, the percentages being based on the
work of pupils in Grades 4 to 8 inclusive. The table is of the
same character as Table IL

No discussion of Table IV seems necessary except to point
out that in only one case, that of 8 + 9 and 9 + 8 are the per-
centages more nearly equal for the two members of a pair of
combinations than for one of the members and some other
combination. The table indicates that the members of pairs
of combinations are no more nearly equal in difficulty than
are other combinations when pupils are free to work out the
answers in any way they like, just as was the case when
automotization was tested. '

ANALYSIS OF TEXTBOOKS

In the analysis of text.books the question for which an
answer was sought was, “If a pupil should do all of the drill
work and solve all of the concrete problems in the text how
many times would he think the answer to each of the combin.
ations?’ In order to be able to answer this question each
example and each problem was solved and the combinations
met in each one were listed. N

The coefficients of correlation between th~ difficulty of the
combinations as determined by the B test (combinations
presented in examples, with no time limit) and the frequency
of their appearance in the two text books were as follows:

A B
Addition . . .. ... —452 —.5h32
Subtraction ... e —.329 — 277
Multiplieation . ... —.384 —.463

Division ... .. ey —.421 -—.038
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These coefticients are all negative and of material size. Tt
scems that the typical text book is not to be depended upon
to provide the most effective material for the mastery of the
number combinations,

In connection with Problem 2 the wriier had the assistance
of Mr. Ivan Swancutt, principal of the City Iigh School,
Wauwautosa, Wisconsin. The purpose in the preparation of
this material was to devise a means whereby the real character
of arithmetic text books might be determined and expressed
in comparable terms. A score eard for judging the merits of
a text book was developed. The score on a general item is the
sum of the scores for the detailed items, which make up the
general item. A perfect score is 1000.

The analysis of the books as called for by the plan is rather
detailed but a committee of five teachers is able to analyze and
score one book in about two hours. Nine series of texts have
been analyzed. A comparison of the analyses is almost
startling. The score card and the figures giving these com-
parisons cannot be presented here because of limitation of
rpace.

The Difficulty of Verbal Problems In Arithmetic

Problem 3 was investigated by Dr. L. L. IIydle, now at the
University of Colorado, under the writer's supervision. The
general problem as stated above is “Elements of Difficulty in
the Interpretation of Conerete Problems in Arithmetic.”” The
following cight elements were studied:

1. The visualization of the objects mentioned in the prob.

lems and of the general objective setting of the problem.

2. The size of numbers presented in the problem,-—without

reference to the accuracy or computation,

3. Unfamiliar terms, the understanding of which was not

esscential to the interpretation of the problem,

4. Mind set or sequence of like problems.
5. Non-esse . numerical terms.
6. Names of objects familiar to pupils but difficult to visual-
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ize as compared with names of objects less familiar to
pupils but mo  difficult to visualize.

7. Problems prese «.ed in the form of projects as compared
with problems presented in the formal arithmetical

manner. - g
8. The use of symbols instead of the names of conerete
objects,

It will be noticed that the eight theses have to do in lfu'rre
part with visualization. In fact the general thesis might be
stated as follows,—*“ITow visualization affects the interpreta.
tion of concrete problems in airthmetice.”

ITydle’s investization involved a total of 8800 pupils enro llod
in 46 different school systems in ten different states. IHis
general method was to prepare five problems, each of which
embodied the element that was supposed to be difficult and
then to prepare five other problems, each of whicli was exactly
like one in the first list except that it contained the element
of difficulty in a less degree.  The pupils in each school were
divided into two groups of equal ability in arithmetic on tlie
basis of tests.  One gct of five problems was given to one of
these groups and the companion set to the other. Iydle's
tables give the per cent of error made by each group on cach
par of problems.  Tle prepared a different set of problems for
Grades + and H and for Grades 6, 7, and 8

The following set of problems for Grades 6, 7, and 8 were
used in the study of the first thesis, that is “the visualization
of the objects mentioned in the problems and of the general
objective setting of the problem.” '

- SET A
GiraDES 6, 7, AND 8

1. A merchant bousht SO rubber balls for his Christmas trude, e
prit them in 4 drawers, placing the same number in cacly drawer,
He sold all the balls in 2 of the drawers and gave 2 of the remain-
ing ballg to his own children. How many balls had he lest?

2. The Awmerican DBook Company shipped 430 books to Sept. Smith
i 18 boxes, putting the same nuinber in each box; 3 hoxes were
lost and 10 hooks were stolen out of another box. IHow many buoks
did Supt. Smith receive?
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3. The cafeteria uses 50 grape fruits cach week day and 75 grape
fruits on Sunday. How many grape fruits will it use in 6 weeks?

4. Mr. Brown had 450 sheep on his ranch,  He decided to ship some
of them to Chicago. e secured 11 empty cars aud shipped 30

sgheep fn cach ear, ‘Then he bought 120 sheep from Mr. Jackson, .

How many sheep had he then? .

0. A man had §500 to invest in the taltor business. He declded to
make 7 overcoats, IHe found that the cloth in each overcont cost
$£10, labor $3. lining and buttons $3. After paying the cost of
7 overcouts, how wuch money had he left?

SET B
Grapes 6, T, AND 8

1. A dealer bought 80 tons of hay. He placed an equnl amount of hay
in each of his 4 storercoms. At the end of the monthh he had sold
all the hay in 2 of the storerooms and had used 2 tons for the feod-
ing of his own horses. How many tons of hay had-he left?

2.  Mr. Johngon shipped 430 quarts of cream in 18 eream cans, putting
the same amount of eream in cach cm; 3 cans were lost and 10
quanrts were  stolenn from another car. How many dquarts of
cream arrived safely? )

3. A enfeterin ugex 50 ponnds of meat cach week day and 5 pounds
o Sunday.  How many pounds of meat will it use in 6 weoeks,

4, . Mr. Drown started to drive from his home to Madison, Widconsiu,
a distance of 480 miles, The first day he drove 11 hours at a rate
of 30 miles per hour. That evening he met his friend. Mr. Jackson,
whose home was located 120 miles on the other side of Madison,
The next day he drove to Mr. Jacksou's home.  How many miles
nust he drive the nesxt day?

5. A student had $500 in the bhunk, He paid 810 per week fortboard,
$£3 per week for roo mand $3 for laundry aund amuscments.  How

. much money had he left after 7 weeks?

In the above problems the objects that are supposed to differ
in the case with which they may be visualized are as follows,

‘Set. A including objects that are relatively casy to visualize

while those in Set B are difticult to visualizo,

Set A Set B
. “rubber ballg" “tons of hay"
92, “hooks”™ and “boxes™ “gquarts of cream” In bulk
3. “prape fruit” “pouinds of meat”
4. “sheep” and “cars" “miles™ and “hour”
5. ‘eloth, labor, lining and but-  “board, room, laundry, amuse.

tong combined to make an  ments” combined to represent a
“overcoat’” total expenditure for oue “week”

The results for these five problems are given in Table V
below.
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TABLE V,
SuMMmary oF Resvrrs ror First TesT or Foram 4
Grapes 6, 7, axn 8 \
Grade 6 Grade 7 Grade 8 Grades 8. 7,and 8

Number of 2upils | Nvmber of Pupils | Number of Pupils Number of Pupils

Group A.] Group B. {Group A.%Group B. {Group A.' Group B. |Group A.| Group B.

701 | 689 | 789 | 872 | 650'| 636 | 2140| 2197

Per cent Wrong " Per cent Wrong Per cent Wrong Per cent Wrong

Problem|Group A, iGroup B. |Group A. |Gtoup B. |Group A. [Group B, |Group A. {Group B.

1. | 498 | 59.2 | 32.6 | 46.0 | 16.6 | 24.7 | 33.4 | 444
2. | 65.5 | 788 | 50.8 | 62.6 | 35.5 | 45.3 | 50.9 | 62.7
3. | 73.6 | 72.0 | 52.0 | 60.1 | 39.4 | 41.5 | 55.2 | 58.4
4. | 47.8 | 838 | 322 | 719 | 18.0 | 60.5 | 33.0 | 72.3
5. | 542 | 604 | 35.2 | 438 | 21.2 | 228 | 37.2 | 425

o | 58.2 | 70.8 | 40.6 | 56.9 26.1 | 39.0 | 41.9 | 56.1

It will be noticed in the above table that there is only one
exception to the general trend of the results. This is in the °
case of Problem 3 for Grade 6. Hydle explains this discrep-
ancy with the suggestion that the younger pupils in the smaller
classes were perhaps unfamiliar with grape fruit. The
differences in the percentages for the pairs of problems as
given in the table are many times larger than the probable
error of the differences according to Hydle, - : e

It is imposible to present more of Hydle’s results in this
connection, but as stated abuve the study will appear in the
near future as a Bulletin of the Bureau of Educational Re-
search of the University of Wisconsin.

Thisg study by IIydle, which constitutes his Doctor’s thesis,
is, in the judgment of the writer, & real contribution to the
psychology of arithmetic. Iis findings in connection with
practically all of his eight theses are consistent in the different
grades and for all of the problems and in most cases the
differences in the percentages are material,
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-The-fifth problem, *‘The Knowledge which Pupils in the
Different Grades have of the Fundamental Principles in
Arithmetic”, is an attempt to ascertain, not what kind or how
difficult problems pupils can solve, but rather to what extent
they appear to understand the basic character of the different
phases of the subject.

The study will be state wide and is to be carried on through
.the Elementar Vrincipals’ Section of the State Teachers
Association, . It .- begun during January of the present
year.

This problem mqy be illustrated by roforvncv to a study
conducted by Superintendent . W. Kircher «of the Public
Schools, Sheboygan, Wis,  Superintendent Kircher gave tle
foliowing test to 132 pupily who were finishing the work of
the eighth grade.

TEST

One cent is what per cent of one dollar? ........ ...
Find one.halt per cent of two dollars, .

Change 1,/2% to a common fraction, .
Five cents is five per cent of what? ... ... ...
Change 7756 to per cent.

‘One cent is what per cent of two dollars? ..

75% of o numbe? is 6, what is the munber?

110% of a number is 220, what is the number?
5 1/2% of a number is 44, what is the number?

A man lost 15% of his money and saved the remainder. What per
cent of his money did he save? :

The following table gives the percentage of pupxh missing
each of the problemq

bb

SN

-t
-
~

Pct, of Pupils Pet. of Pupils
Problem .unsm_} Problem Mixaing
1. e e e 63 v, e 7T
2, s N T . R
B 88 R . 71
4. . . ... 58 a9 .. L. R0
G, 71 10. . 206

The chara(-ter ()f the wrong answers is indicated in Table
VI below. The lack of space prevents the publication of more
than sample results. For this purpose the responses on
exercises 1, 2 and 3 have been chosen.
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TABLE VI.

JKixps orF WronG ANxswers For Eicn Probrea WITH
NuMBER oF TiMES ANSWER OCCURRED

. . (N. A. means no answer)
Problems:
1 2 3

1/100% 134 | $1.00 :60 Y :49

01 21 1005% 22 1/5 14

100% 10 50% ¢ n. a, 12

00%% .6 n, a, 6 005 9

n. a. 3 | 17100 4 50 9

1/10% 2 1% . 3 50 9

$100 1 $ .40 3 50% i

1/99% 1 $ .10 2 03 3

$ .10 - . 1 25% 2 1/100 2

23 1 35% 1

.001 1 2¢% 1

400, 1 | 1/1000 1

1.90 1 100% 1

1/4% 1 002 1

40% 1 1.40 1

2% 1 2.40 1

02% 1 b 1

$ .50 1 40 1

5% 1

035 1

-

3

An analysis of the wrong answers given reveals in many
cases the confusion existing in the minds of the pupils. For
example, the 34 pupils who gave “1/1007%” as the answer for
problem 1 obviously thought 17100, was the same as 1/100
and those that gave ©.01" must have thought that .01 was the
game as 019, They seem not to understand the fundamental
character of percentage,

The proposed study will inelide not only a study of per-
centage as above, but also a study of fractions, dcf:nmalu,
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measurements, ratio, and the fundamental processes., An
analysis of the work of ,»upiis will be undertaken as well as
a measurement of their accomplishment as illustrated in the
study of Supcrintendent Kircher.



o

MATHEMATICS AND THE PUBLIC
By H. E. StaucHT
It is safe to say that to the average man in the street

mathematics means, for the most part, only a certain amount
of arithmetic used in keeping his accounts, and a vague

_recollection of some things in algebra, geometry and possibly

calecalus which he may have studied in his school days. The
public as a whole is quite oblivious to any great service which
mathematical science has rendered to present-day civilization.
There is nothing spectacular in the behavior of mathematics as
is often the case with a physical or biologic:.l science. A new
chemical combination producing a powerful explosive like
TNT or a discovery in the biological field like insulin will be
heralded the world around, while the most profound researches
in mathematics which may underlie far-reaching developments
in the practical affairs of life will be entirely unnoticed or will
be accepted in the same commonpluce way in which life-giving

air is breathed.

However, in a span of twenty-five years it is possible to
detect gradual changes in public appreciation of common
blessings, and in the period 1900-1925 a great many things

- have happened with respect to mathematics in this country

which indicate a steadily growing appreciation of its worth
and power on the part both of its devotees and of the public
in general.

In the secondary field the teachers themselves have experi-
enced a remarkable awakening which began about 1900 with
the organization of strong and active associations in New
I'ngland, in the Middle Kastern states, and in the Central
Western states, and which has continued unabated throughout

the quarter century. This widespread movement reflects the
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abiding confldence of the teachers in the worth and importance
of their subject as’ well as their frank and honest recognition
of its short-comings and their consequent’determination to
overcome whatever faults lay at their own door.

This merciless self-inspection culminated in the work of
the National Committee on Mathematical Requiremnents which
commanded the cooperation of thousuuds of teachers in ali
parts of the country banded together in more than one hundred
mathematical organizations. Never-was an investigation in
this field better organized, more adequately financed and more
painstaking in the effort to impartially weigh all phases of the
questions involved. I’robably no report of this kind ever
received more open-minded consideration of its various
recommendations by so large a proportion of the constituency.
The immediate result of this close cooperation on the part of
the great body of teachers of secondary mathematics naturally
led to the federation of the various associations in the National
Council of Teachers of Mathematics with the Mathematics
Teacher as its official organ, and to this body is naturally
committed the ‘perpetuation of the work so ably inaugurated
by the National Committee.

In the collegiate ficld the most notable event of the quarter
century was the organization in 1916 of the Mathematical
Association of America, a body whvse membership now num-
bers over eighteen hundred. WWhile this Association, whose
official organ is' the Americun Mathematical Monthly, is
primarily concerned with the development and teaching of
collegiate mathematics and with the stimulation of the
beginnings of research, nevertheless it also recognizey the
necessity of close cooperation with all efforts for improvement
in the secondary field. Ilence it was this Asuor‘latmn which
sponsored the National Committee and appointed the original
nucleus of its membership with power to enlarge its number
by inviting representatives from the various sccondary
organizations, .

But this Association is now engaged in a still more direct
effort to share with the public the fruits of mathematical dis.
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coveries. Through funds generously provided by Mras. Mary
Hegeler Carus, the Assoclation is preparing and publishing a
series of monographs in which the expositions of various
mathematical subjects are to be set forth in a manner compre-
hensive to a wide circle of thoughtful readers who, having a
moderate acquaintance with clementary mathemnatics, wish
to extend their knowledge without prolonged and critical study
of the techuical journals and treatises. The first of these
monographs on the Calculus of Variations has already beer
published and the second on Ifunctions of a Complex Variable
iu now in press. The third on Statistics is in preparation and
well under way. It is expected that this series of monographs
will continue indefinitely and it is ardently hoped that they
will be the means of interpreting more and more of the wondera
of mathematical science to a constantly enmlarging body of
the general public.

In the university field the outstanding feature of the quarter
century just closed is the development of an American 8chool
of mathematical research fostered largely through the
American Mathematical Society and contributed to chiefly by
a few outstanding universities the number of which is grad.
ually increasing. The output of American mathematical
rescarch is conveyed to the scientific public through the
medium of four research journals, namely, the Bulletin and
and the Transactions of the American Mathematical Bociety,
the American Journal of Mathematics and the Annals o)
Mathematics. Research mathematical activities are further
cared for through a division of the National Rescarch Council
and the National Academy of Sciences. This quarter century
has thus scen America taking its place among the leading
nations of the world in mathematical rescarch.

In the foregoing, it must be admitted that the “public”
referred to is very largely the mathematical public. The
question still remaing as to whether mathematics has ever
“gotten across” to any appreciable extent to the public in
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general,  Tn what follows a few instances will be given which
indicate some progress in this direction,

(1) When {t was decided that we must enter the World
War, it was natural that mathematicians, along with other
loyal citizens, should volunteer to assist in thelr specinl
capacity, but they were told by the Secretary of War that there
seemed to be nothing needed in thelr line, It was not long,
however, before the (fovernment found that it did need the
mathematicians, in fact, that it could not *‘carry on” without
them in so importan: a matter as the effective development of
the ordnance department. In a short time a corps of workers
wa 3 organized under the leadership of a number of outatanding
mathematicians and they speedily applied modern and power-
ful mathematical methods, both theoretical and practical, to
those problems of ballistics which needed to be solved in order
to properly equip our army. 8o effective had this service
become at the time of the armistice, that the American forces
were undoubtedly supplied with the best data of any of the
armies for determining the effectivencss of gun fire. Other
groups of mathematicians rendered similar effective service
in developing submarine detection appliances. These two
achievements were of vital importance in determining the
outcome of the war and they revealed the power of mathematics
in a most emphatic manner ta the unsuspecting public,

(2) It came as a revelation to thousands of young men,
many of whom had deliberately side-stopped all mathematical
courses which they could poss.bly avoid in their school days,
to find that those very courses were prercquisite to appoint-
ment or advancement as officers in cither the army or the navy.
It was a common experience to hear such men begging for the
opportunity to enter classes in mathematics which they had
previously ignored—and bragged about it too. The war
served to elevate mmathematics to a position of prominence not
previously recognized by the casnal public. This fact undoubt.
edly helped to swell the courses in mathematics in the colleges
in the immediately succeeding years.
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(3) But we are more interested in the arts and sciences of
peace than in those of war, The example of the late Charles
P. Btelnmets, whose name was a houschold word wherever the
mysteries of electricity were under consideration, wus probably
more effective than any other means in driving home to the
man in the street the fact that mathematics underlies all
present day mechanical and physical progress. Thousands of
boys and young men to whom the name of Steinmetz was
magic have found early in their efforts to become electricians
that one could climb a pole and splice a wire without knowing
any mathematics, but that any masterful knowledge of
electrical sclence could be gained only by the road that Stein-
metz traveled, namely, by hard study of higher and higher
mathematics, It is well known that his development of the
mathematics of the alternating current, involving as it did
those phases of higher mathematics which no one could have
surmised in advance would be involved, did more than all
other causes combined to lay the foundation upon which the
great structure of the General Electric Compary was built.

(4) It is well understood that the Rockefeller Foundation
is now devoting its efforts chiefly toward the promotion of
public health throughout the world. To this end it has not
only made large grants to medical schools but it has indirectly
stimulated independent work in the medical field by providing
literal research fellowships in the underlying sciences, physics
and chemistry,—in chemistry as fundamental to medical
research, and in physics as fundamental to chemistry. But
it is not so widely known that the Foundation has recently
extended the range of these fellowships to include mathematics
as fundamental to both physics and chemistry. This step was
taken deliberately after most caveful consideration of the
claims of mathematics as the basic science in this field.

This claim would hardly be questioned by the physical
sclentists themselves and would readily be admitted by the
public. For example, it is said of the late Professor Chandler,
dean of the Columbia School of Mines, when in the carly days
he wanted more mathematics put into the curriculum for
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chemists and was opposed by the head of the department of
mathematics, that he came into the faculty mecting with an
armful of books and said: “These gentlemen, ure important
articles on chemistry which I cannot read becanse I do not
know mathematics enough, We do not want our students to
be in my predicament.”

But the public would be staggered if such a claim were made
for any of the biological scicnces. And yet the writer knows
a physician who is a diagnostic and research specialiat of high
standing, whe besides his medical degree holds a I'h.D. in
physiology from Rarvard University, and who is now pursuing
courses in advanced mathematics because he is unable to con-.
tinue his researches successfully without more power in this
line.

A few years ago the Mathematical Association of America
invited several specialists in other sciences to take nart in a
symposium on “Mathematics in Relation to the Allied
Sciences,” and we were no little surprised to learn from
biologists and biometoricians the wide range of mathematical
subjects used by themn in their research work. For instance,
Dr. . B. Willinms of the College of Physicians and Surgeons,
said in substance: “The biological sciences in the main rest
entirely upon the fundamental sciences of physies and chem-
istry with all the mathematical foundation which these sciences
presuppose.” He cited his own investigations on “nerve
impulse” and those by Einthoven of Leyden on “heart action”
which were possible only because of their being well trained
in methods of mathematical investigation.

One could proceed indefinitely citing evidence of a conscious-
ness on the part of the public gradually awakening to the fact
that mathematics is a marvelous and powerful instrument in
the hands of trained thinkers for accomplishing great results.
One further illustration, more or less amusing, was observed
in the attempts of the newspaper reporters and popular
magazine writers to describe “in a few words” the Einstein
theory of relativity, but who invariably took refuge in the
excuse that it all rested on mathematics of a “higher” type
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than the readers conld be expected to understand, and thus
they were duly overcome with awesome respect both for
relativity and for the underlying mathematics,

Finally, one other serious illustration of far-reaching signifi.
cance should be mentioned. The great industries and large
business corporations are coming to realize the importance of
fostering research in connection with their special problems,
and very many of them have established laboratories as
regular departments of their activities. In numerous cases
such organizations have found that mathematicn' research,
usually of quite un elementary character but often far more
intricate and technical than could have been predicted, has led
to higher degrees of efficiency, to new phases of economy, and
sometimes to complete reorganization of procedure. Many
such corporations have become institutional members of the
American Mathematical Society during the past two years,
with the privilege of nominating to individual membership
those representatives of their organizations who are interested
and active in mathematics. This movement is bound to grow
and to exert a continually widening influence in making mathe-
maties known to and appreciated by the public.

One of the most significant evidences that the importance
of mathematics is permeating the whole fabric of modern life
is shown in the recent unparalleled development of the use
of statistical methods in th» study of quantitative relations
in almost every department of investigation. This appears in
the simplest form in all the proposed new curricula for the
junior high schools. Tt is emphasized in the reorganized pro-
grams for the senior high schools. 1t is further developed in
the enriched courses for college students not only in all the
sciences but also in cconomics, sociology, anthropology, etc,,
and in most of the effective studies in education. It is in-
dispensable in all laboratories everywhere, whether in the
schools or in the factories, in commerce, in big business of
every kind. Tn all such studies, if carried out to their fullest
extent, it appears that the mathematics involved, while
initially of the simplest nature, eventually becomes more and
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more technical and requires the most careful reasoning in
order tu insure correct and dependable conclusions. These
are phases of mathematics which are gradually growing into
the conaciouaneas of the general public and which are capable
of recognition and widespread understanding,



RECREATIONAL VALUES ACHIEVED
THROUGH MATHEMATICS CLUBS
IN SECONDARY SCHOOLS

By Manie GucLe AND OtiERs

I. Imwroduction. The last twenty-five years have cansed a
new emphasis to be placed on recreational values. The rapidly
changing conditions in industry and in economic life have
forced us to give serious consideration to the worthy use of
leisure. In Cardinal I'rincipals of Secondary Eduecation the
proper use of leisure time is listed as one of the seven objec-
tives. How can mathematics do its part in achieving desirable
recreational outcomes? In passiug, we may note that a good
beginning has been made by a brillinnt writer for the supple-
ments of some of the Sunday papers. He is makiug a fortune
syndicating our old friends, the puzzle problems of algebra.
Recently he occupied a full page in scores of papers with simul-
taneous linear eguations in three unknowns. Can we doubt
any longer that there is human interest in these problems?
But in this discussion we ask what are our mathematics teach-
ers doing to realize recreational values?

Ever since pedagogy has modified belief in formal diseipline
and drudgery by an emphasis upon interest and appreciation,
teachers of mathematics in secondary schools have tried to
present the subject to pupils in more attractive forms. In the
class room real problems have been urged. The dramatic ele-
m~nt has been brought in wherever possible, especially in lower
grades; e. g., in having grocery stores and banks. The kinder-
garten principle of learning through play has becoire more
universal by extending the recreational phase of mnathematics.

The use of mathematical recreations as a devise is not a
new idea. I’uzzies and catch questions were in the old arith.
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metics. The human mind has always found pleasure in
puzzles, tricks, and curiosities of all sorts. This tendency is
in cvery person, young and old, of every race and of every time.

Cantor attributes the flrst mathematical puzzle to Ahmes,
2000 B.C. The problem of the fox, the goose, and the sack
of corn was known to Alenin in the time of Charlemagne., The
hare and hound problemn appears in Italian arithmetics of
1460. Magic squares were known to the Arabs and Hindus,
There is a record of one in a Chinese book of the date of 1125,

Ball's Mathematical Recreations, White's Scrap Book, and
Jones’ Mathematical Wrinkles are based on German, French,
and English publications of 1507, 1612, and 1694. We see,
therefore, that mathematical recreations are almost as old as
mathematics itself. They have always been a source of pleas.
ure and profit to both pupil and master. In the light of
history we cannot regard these phases of mathematics as too
trivial for pupils of today.

II. Development in Sccondary Schools. One of the first
mathematical clubs in secondary schools wes organized nearly
twenty-five years ago in the Shattuck School, a private school
for boys at Fairbault, Minnesota. In an article in School
Science and Mathematics, Mr. C. W. Newhall describes the
orzanization. Fifteen boys from the senior class were the
instigators. The club held evening meetings every two weeks.

Before 1912, the mathematics classes of IHorace Mann School
were organized into clubs, whose meetings were held during
certain recitation periods.

In 1913 Miss Marie Gugle, then a teacher at Scott High
School, Toledo, Ohio, organized a Iluclidean Club among the
boys of grades ten to twelve, whose ratings in mathematics
were excellent or good,  This club still exists as an active or-
ganization. Its mecetings were held in the evenings. Its
programs usually had three features: a biographical sketch of
some grea mathematician and a story of his contributions; a
mathematical game, trick, fallacy, or unique solution; and an
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&ccount of some scientific discovery or invention related.to
 mathematica,

In 1014, groups of interested pupils in Hyde Park, Wendel
Phillip's and Bowen High Schools of Chicago began giving
time after school to informal discussions and to the investiga.
tion of suggested problems.

By 1016, clubs were rather widely scattered. In Marion,
Ohio, one was organized to answer the question, “What shall
be done for the bright pupil?” Miss Irene Brown tells of a
club in a Girls’ School in England, in order that for them the
bypaths of mathematics might be illuminated. In this same
year, the first club in Columbus, Ohio, was organized in
Roosevelt Junior High School. It took the same name and pin
as had been adopted by the club in Toledo. Very soon this
club had to have three chapters, Alpha, Beta, and Gamma
chapters for the ninth, eighth, and seventh grades respectively,
Practically all of the twelve junior high schools in Columbus
bave one or more mathematics clubs, Three of the five senior
high schools have such organ:zations.

ITII. Objectives and Results. The purposes of a mathematica
club are “to illuminate the bypaths of mathematics”; to study
certain interesting matters connected with mathematics which
do not find a place in the nsnal class room; to promote interest
in the study of mathematics; to give the pupils glimpses of the
future and incentives to further study; to develop an apprecia-
tion for the truth and beauty in mat!.ematics and our depen-
dence upon it in practical life; and to furnish an outlet for
pupils’ social instincts,

It is the consensus of opinion of those teachers who have
directed mathematics clubs that the foregoing objectives are
readily realized and that the transfer of interest and initiative
that carries over into the classroom more than repays for their
time and effort.

IV. Organization and Membership. There are various
types of organization. Some clubs include the entire class or
several combined in their membership. Others are limited.



Mathematice Clube in Secondary Schools 197

either to those whose ratings in scholarship are superior or to
the pupils’ classification or grade in school, as eighth grade
or tenth grade club,

Some clubs meet during echool hours, either in a club
activity period or in the regular reeitation hour. Others meet
after school or {n the evenings. The frequency of meetings
varies from once a week to once a month,

The names given to clubs are of different types:

A. Grecek letters: as Mu Alpha Theta

B. Mathematicians: as, Pythagorenn, Euclidean, Archimedian
Clubs,  Some have Leen named for teachers in thelr rehools,

C. Mathematical Figures; as, Magle Clrcle, Triangle, Octagon,
Hypovycelold Clubs,

Usnally mathematics clubs adopt their emblems, as in pins,
banners, and colors. For pins the following devices have heen
used; the pentagram, the old mathematical instrument kuown
s a quadrant, a combination in a triangle of an overlapping
semicireular protractor, compass, and pentagram, and a circle
with a hypocycloid.

V. Program Material. Once a teacher of Latin who had
a thriving Latin Club, agked how one could find enough
material to keep up interest in a mathematics club, She little
knew thot the supply is inexhaustible and that the only
difficulties are those of selection and adjustment to suit the
ages and educational advancement of the members.

Some of the same topics may be used for seventh or ninth
grade clubs, but the assignments must Le different. For ex-
ample, in a seventh grade club a program on magic squares
should include only those with three, five, or seven on a side.
Papers should be provided and members should make their
own under the direction of the speaker. The same topic on
a ninth grade program should include a sketch of their history
and the making of magic squares with both odd and even
number of squares on a side, and magic circles,

The following programa adapted to junior high gchool grades
may be suggestive;
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1

1.

(a)
(b)

(c)
(n)
(L)

)

(a)
(L)

(c)

The First Ycarbook

A. TFor Seventh Grade Club

Nine, a Maglc Number

White : Scrap Book, page 285,
what a Bllllon Meaus

White : Scrap Bouk, pages 9 and 10,
Who was Thales?

Archimedes, the Mathematiclan, and some of hls Iuventions
BMysterious Additlon
Jones: Muthematical Wrinkles, page 103.
Number Tricks
Materinl supplied froin Popular Scleuce Mouthly or other
magazines by pupils,

Arithmetic Tricks

Multiplication
Select one digit out of 12343679 and multiply by D times
the Jiglt. Resnlt 1s vow of sawe digits. Hee Jonea'
Mathematical Wrinkles, vage 70

_Paradox Varty

Dudeney, Amusements in Mathewatics, page 137,
B. For Eighth Grade Club

Hallowe'en Program

()
)

{c)

(a)

(b)

(c)

(a)

(b)

{(n)
(b)

Club Sougs

Apparition of Two Ghosts, Descartes and Pythagoras
The ghosts meet and exchauge stovies of what each daid
while on earth,

Clever Question Contest
Ionders vhoose sides. Questlons for contest are selected
troty Joues' Mathematleal Welnkies,

Readlig ; Number Storles of Loug Apo
Rend parts of Chapter One. It too long, certaln parts
mmy be told in abridged foru,

Rematrkable Nunibers
Tencliers College Record, November. 1012, or Smith, Num-
ber Storles of Loug Ago. pages 105-107.

A Number Trick
Selected  from Mathematical Wreinkles or Ball's Alathe.
matical Recreations.

How o Bindu-Arabic Numerals Grew
Sncth: Nunber Storles of Long Ago, puges 1343, (Muake
charts of illustrations.)

Yhere did the sigus, 4+, —, X, =, and = come from?
Ball: History ot Mathewmatics,

C. For Ninth Grade Club

Picture of World without auny Mathematles
The Part Mathematics Plays In Our Everyday Lives
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(¢)  Fallney: Prove that Nou.are as old as ilethuselah
dJulies; Muthemntical Weinkles,

2. (a) Fallacy: I'rove that 1 equals 2
()  RHow the Algebraie Symbols Grew
(¢) Tangrams

Dudeney: Amusements 1y Mathematics, page 43. Ep.
vourage orlginls,

3. (a) Briet Dix “sslon ahout Napler and his Rods
(b)  Nhort T'alk on the Silde Rule

(¢)  Divide the club tute three pronps, each with a leader who
I8 expert fn the kame for his group. After his instenction,
the members of the Eroup enter a contest to ace who an
play the mune most sKilflly,  The three £Ames are with
Napier's Ruds, the alide rile, and the circular silde rule.
Sometlmes  very slaple priws are offered in the various
contenta,
For additional topics for program material, see the following
references:
Minerva Guldon et al., Matheatics Clud Programs, Mathematics
Teaclker, (vtolwr 1024

Marle Gugle, Modern Junjop Muthematics, Book Two, Appendix, Gregg
Pubiishiug Company,

Zulu Reed, High School Muthemutics Clubs, Mathematics Teacher,
Octobier 1025,

VL Minimum Reference Library for Cluds, For a newly
organized club. the following list of Looks would form a
satisfectory minimnm reference library for junior and senjor
high schools. Tt might be o nuclens for a more extensive one
to be built up gradually,

1. DBall: Drimer of the History of Mathematics, Macmillan Co. 00c,

Jones: Mathematical Weinkles, Revised, Life and Casualty R3lag.,
Nushvilie, Tenn, $2.10.

2
3. Smith: Number Storles of Long Agn. Gl and Co.
4

White: Nerapbook of Elemewary Mathewmatics, Open Court Pud-.
Mshing Co. $1.00.

Portraits of Muthematictays. Open Court Publishing Co.
VIL.  Pinys for Mathemation Cluba. In the Mathematica
Teacher of October, 1924, Miss Alma E. Crawford has a very
attractive little play entitled “A Little Journey to the Land of
Mathematics.”

A number of Columbus teachers have found that, with some
Buggestions, groups of pupils are capable of writing very in-
teresting and instructive plays and pageants,

X
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VIII. Bibliographies. Additional reference books and
mapazine articles may be sclected trom the following biblio-
graphics. These references cover the organization of clubs,
history of mathematics, and mathematicel recreations includ-

ing games, tricks, and plays.

1. Gugle, Modern Juniot Muthematlics, Book Two.

2, Gugle, et al, Mathematics Club Programs, Mathematics Teacher,
Qctober 1024,

8. Nat'onnl Committee Report, pages 025027, List of magatine
articles only. .

4, Reed, Hizh School Mathematics Club, Mathematics Teacher,
October 1023, Llst of books and magazines,
Smith. et al, List of mathematics hooks, annotated, Teachers Col-
lege Record, April 1923 List of booka only.

Teachers who are directing clubs in secondary schools will
find, in addition to the foregning books, a continuous supply
of program material in the two magazines for mathematics

teachers:

1. The Mathematics Teacher, the official publication of the National
Connell of Teachers of Mathemnatles, Membiership in the Council,
including the subseription to the magazlne, is two dollars ($2.00)
a yvenr, Editor, J. R. Clark, Teachers College, New York,

2. School Science and Alathemutlea, the officlal organ of the Central
Assovintion of Science aud Mathematies Tenchers. Membership
and subscription to the magaziune is two and a half dollars a year
{ 32.50). Editors, Smith and ‘Lurton, 2065 Last 72nd Place, Chicago,

fnols,

Vvalerin Bostwick, Eleventh Avenue Jr. High School

C. B. Marquaud, Indianola Jr. Ilgh School

Helen nnquunud, Vice Princlpal of Mound St. Jr. High
Schoo

Amy F. Preston, Roosevelt Jr. High School

Marie Gugle, Chaiviman, Asgistant Superintendent of
Schools. Columbus, Ohlo.



MATHEMATICS BOOKS PUBLISHED IN
RECENT YEARS FOR OUR S$CHOOLS
AND FOR OUR TEACHERS

By Epwin W. ScHreiser

Note: The compiler of this bibliography thought it well
that the publishers should have first say in the matter of
presenting their books. He therefore sent a letter to fort;
publishing houses asking them for certain information about
mathematics books published since 1920, for secondary schools.
Many of the firms responded very graciously and to them
gratitude is hereby expressed. Others failed to reply and so
it there are valuable omissions we are sorry. Some of the
noticeable gaps were fillled in by the compiler through the
excellent facilities afforded by the John Crerar Library of
Chicago. It was our aim to list only those books which have
been published since 1920. An attempt has been made to
answer the following questions concerning each publication:
(1). What is the exact title of the book? (2) Who is the
author and where does he teach? (3) How many pages in
the book and how large is it? (4) When was it published?
(5) What is the price? (6) Who publishes the book ?

JUNIOR HIGH SCHOOL MATHEMATICS '

1. Bonser, PICKELL, SMITH, Practical Mathematics for Junior High
Schools, by Frederick G, Ronser, Prof. of Ed,, Colambia U, Frank
G. P& .el], Supt. of Schools, Montelair, N. J., and James H. Smith,
Supt. of Schools, West Aurora, IIl, Book I, 240p, 1924, 88c.

Book II, 278p, 1924, 88c.
Book 111, 204p, 1924, 88¢c,

BresticH, Junior Mathematics, by Ernest R. Breslich, Head of
Math. Dept., University High School, Chicago. Book I, 204p,
1925, 9¢e. Macmillan Co.

Ll ol



8,

10.
11,

12,
13,
14

15,
10,
17

18

19,
20.

2,

22,

23.

24

The Firat Yearbook

DRUSHELL, WiTiERS, Juntor Iligh School Nathematical Exsentiala,
by J. Andrew D, nshel, Dept. of Math., New York Univ., and
John W. Withers, Dean of the Schaol of Ed., New York Uule,
Tth Yr, 100p, 1024, 88¢,

8th Yr, 237p, 1024, 0ge. Lyons and Caruahan.

GONNELLY, HUFF, 7t Year duthematics, by Joseph F. Gounelly,
Dint, 8npt. in charge of Janior Hizh Nchools, Chicago, and L.
Grace Haft. Tust, of Math., Lane Pechniceal High School, Chicago.
230p, 1025, 9. Charies E. Merill Co,

GuUGLE. Modern Junlor Nathematirs (New Ed.), by Marie Gugle,
Ass’t Snpt. of Schools, Columbms, Ohlo. Book I, 310p, 1024, 80c,
Book 11, 230p, 1924, D0c,

Book 111, 208p, 1924, $1.10. The Gregr Publishing Co.

Hanr. Juntor Wigh School Mathematics, by Walter W. Hart,
Ass’t Prot of Math., Cuiv. of Wis. Book I, 220p, 1921, Soc,
Book 11, 250p, 1022, 8se,

Rook III. 340p, 1923, $1.28. Houghton Mifiin Co.

SCHORLING, CLARK. Undern Mathematics, by Raleigh Schorling,
Hend of Math, Dept., Univ. High School, Univ, of Mich, and
John R. Clavk, Lincoln Rchool of Teachers Colleze, Columbia
Uuniv. 7th Yr, 256D, 1024, 8S¢.

8th Yr., 254p, 1924, 8S¢,

Mod. -n Alyebra, Oth Yr., 882p, 1024, $1.86. World Book Co.
ScHodLINO, CLARK, TIANDELL.  Inatructional Teate in Algebra, by
Ralelgh Schorling, John R, Clark, and Selma Lindell, The Univ.
Migh School, Ann Arbor, Mlich, 72p, 1023, 30c. George Wahr,
Publisher, Ann Arbor, Mich.

THORNDIKE. Thorndike Junior Migh School Muthematica, hy E.
L. Thorndike, I'rof, of Ed., Teachers College, Colmmbia Univ,
Book 1, 106p, 1925, Soe,

Book I, 106, 1025, 80e. Rand, McNally and Co.

VospurenH, GENTLEMAN, HASSLER, Juninp Iligh School Mathematics,
Revixed, by W 1. Vosburgh, Mend of Math. Dept.. Boston
Normnl School, the late Frederick W. Gentleman, Pept. of Math.,
Mcch. Arts High School, Boston, and J. O, Hassler, I’rof, of
Math., Univ. of Oklahoma, 1st Course, 228, 1924, s8¢,

2ud Conrse, 251p, 1024, $1.00. Macmillan Co.

WENTV/ORTH, SMmiTH, BrowN., Junior High 8chool Mathematies,
Ree. Bd., by Goeorge Wentworth, Inte anthor of n series of Mith.
Texts, David Eugene Smith. Prof. of Math, Tenchers Cotlege,
Colnmbin Unlv,, and J. C. Brown, Pres. State Teuchers College,
Nt. Cloud, Minn.  Book 1, 2a66p, 1923, 92¢.

Book I1, 282p, 1923, $1.00. Giun and Co.

ARITHMETIC

Browx~, ELbrEnce. The Brown-Eldredge Arithmetics, by J. C.
Brown, Ires. Teachers' College, St. Clouq, Minu, and A, C.
Eldredge, Ass't Sapt. e¢ Schools, Cleveland, Ohio. Book 111,
302p, 1925, 88c. Now, I'eterson and Co.
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20.

21

30.

31

32.

38,

39,

Ciuansry, Ssrru. Efficlency Advanced Arithmetie, by Charles F.
Chadsey, formerly Supt. of Schools, Detrolt, Mich, Dean, Col.
of Ed., U. of Itl, and James . sSmith, Prof. of Math. State
Normal School, Whitewater, Wis. 340p, 1020, 92c. Mentzer,
Bush aud Co.

GANNON, JACKBON, Drill Erercises and Problema in Arithmetic,
by John I, Gannon. Rupt. of Schools, DMittstield, Muass., and
Joseph Jackson, former Prin. H:gh  School of Commerte,
Worcester, Mass. Book II, 100p, 1023, 08¢. D). C. Heath aud Co.
Hoyr, Peer. Fveryday Arith metle, Advanced book by Franklin 8.
Hoyt, formerly Ass't Supt. of Schools. Indiauapolis, Ind., and
Harriet E. Deet. Inst. in Methods of Teaching Avith, State
Normal School, Salem. Mass, 33tip, 1920, 88¢. Houghton Aittlin
Company.

MiNER, ELWELL, TouToN, Busincas 4 rithmetic, by George W, Miner,
formerly head of Com. Dept. Iigh School, Westleld, Mass,
Fayette H. Elwell, C. I’ A, I'rof. of Accounting, Univ., of Wis,
and Krank C. Toutou. Prof. of Ed., Univ. of Southern California.
410p, 1023, $1.48. Glun aund Co.

MineER, ELWELL, TOUTON, Essentials of Business Arithmetic, 230p,
1024, $1.20. Giun and Co.

Neery, Kiurning, JModern Applied Arithmetic, by R. R. Neely,
Supervisor of Part Tiwe Schools. Peoria. Ill., and James Killins,
Director of Vocational Ed., Johustown, I'a.  156p, 1021, $1.00,
Blakiston.

ScHORLING, CLARK. Practice Erercisea for Accuracy and Speed
Timed Inatructional Texta for Seventh and Eighth Grades.
04p, 1022, 15¢. Gazette I'ress, Youkers, New York.

StoNE. Stone's Adrvanced Arithmetic, by John C. Stone, Head ot
Math. Dept.. State Norwmal School, Moutclair, N, J. 320p, 1923,
80¢. B. H. Sanborn and Co.

van TuyL. Aew Esaentiolz of Buaincsa Arithmetie, by George H.
van ‘i'nyl, Evander Childs Hizh Scheol, New York Citye, Inst. in
Bus. Math., New York Univ. and Columbia. 300p, 1924, Amer-
fcan Book Co.

van TuyL. New Complete Rusincss Arithmetle. 440p, 1921
American Book Co.

WarsoN. Simplified Arithinetic, by Bruce M. Watson, Secretary
Public Ed. Ass'n, Phlladelphia, I'a. Tth Grade, 104p, 1024, GUe,
8th Grade, 182p, 1924, T2¢.

Upper Grades, 320D, 1924, T2¢. D. C. Heath and Co.

\WWEFKS. Boy's Own Arithmetic, by Raymond Weeks, 'rof. at
Columbia Uuniv. 188p, 1024, $2.00. E. I'. Datton and Co.

GENERAL MATHEMATICS

HasiLToN, BUCHANAN, Elements of ITigh Sch. ol Meothematics, by
John B. Iami'ton, Univ. of Teun.. and Herbert L. Buchanan,
Tulane Univ. 297p. 1921, $1.20. Scott Foresman aud Co.

Howarp., Introductory Conrse in General Mathcmatica, by H. B,
Howard. Book I, 130p, 1925, 45¢.
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62,
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54,

55.

The First Yeardook

Book I1, 144p, 1925, 30c. Oxford Univ, Press,

REeve. General Mathematics, pook 11, by Wm, D, Reeve, As-
sociate Prof. of Math,, Teachers College, Columbia Unly. 440p,
1022, $1.00. Giun aud Co.

ScHorLINg, CLARR, Rt go. Modern Jathematics, Briefer Courase, by
Raleigh Schorling, John R. Clark, aud Hareld O, Rugy, Lincoln
School of Teachers College.  40tip, 1024, $1.48. World Book Co.
SMITH, ForERa. REEvE. General High School Mathematics, Ruok 1,
by David Eugene Smilth, John A. Foberg, Director of Math,, Dept.
of Public Inst, Pa. and Wi D, IReeve. 472p, 1020, $1.00,
Ginn and Co.

SWENSON,  High School Alathematics, by Joun A. Swenson, Head
of Math. Dept., Wadleigh High School, New York City. «410p,
1923, $1.40. Macmillan Co.

PRACTICAL MATHEMATICS

BARRER. Applicad Mathematics, by Bugene H. Barker, Prin,,
Santa Rosa High School, Calit, 225p, 1020, 03¢, Allyn and Bacon,
Bryast. Introduction to Pructical Mathematics, by V. Seymour
Bryant, 9Gp, 1023, S5 Oxford Univ. Press.

OBERG.  Arithmetie, Elementary Algebra and Logarithms, by
Erik Oberg, Editor of Machinery. 121p, 1921, $1.00. Iudustria]
Pross,

WeNTwonTir, Ssrrn, HARvER, Machine-Shop Mathematica, by
George Wentworth, David Eugene Smith, and Herbert D, Harper,
Iust. in Marvrey Rl Vocational School, New York City. 162,
1022, $1.20, Gian and Co.

WeNTworTH, SMITH, Harrer. Fundamentals of Practicad Mgthe-
fiatics. 202p, 1022, $1.20. Ginn and Co.

ALGEBRA I

BARER.  First Rook in dlgebra, by Howarg Bates Baker, Lincoln
High School, Jersey City, N. J. 316p, 1024, $1.32, D, Apple-
tou aund Co.

Banrneg, Everyday Algebra, by Harry C. Barber, Inst, of Math,
in the Buglixh Hich School, and Eliot Intermendiate School,
Boston, and Supervisor of Math. in the Public Schools in New-
ton, Mass, 372p, 19235, $1.24. Houghton Miftlin Co.

Durerr, ArNoLn, First Book in Alyebra, Enlarged Ed., by Fletcher
Durell, Head of Math. Dept., Lawrenceville School, N, I, and
E. E. Arnold, Supt. of Public Schools of Pelbams, N, Y. 334p,
1924, $1.32. Charles E, Merrill and Co.

EDoERTON, CaARrENTER, First Course in Algebra, by Edward 1.
Edgeiton, Dickinson High School, Jersey City, N, J,, and Perry
A. Carpenter, Wost High Schoo), Rochester, N. Y. 309p, 1923,
00c.  Allyn and Bacon,

Hawkes, Lupy, TovTox, New First Course in Algedra, by Her-
bert E. Hawkes, Irof, of Math, and Dean of Columbia College,
Columbia Univ., \Wmn, A. Luby, Head of Math. Dept, Junior
College, Kansas City, Mo.. and Frank C. Touton, Prof. of Ed,
Uuiv. of 8. Calif. 361p, 1925, $1.24. Ginn aud Co.
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80,

67,

61'

62,

3

6.

o7,

6.

Horkins, UNnErwoop, Elementary Adlgebra, by John W. Hopkins,
Supt. of Schools, Galveston, Texus, and 1>, H. Underwood, Inst.
of Math.. Bull tigh School, Galvestou, Texas. 83Sp, 1024, $1.00.
Macmillan Co,

JouxsoN, BrLCHER. Introductory Algedbra, by Allen Johnson,
Head of Math. Dept, Barringer [igh School. Newark, N. J., and
Arthur W, Belcher. Hend of Muath. Dept., East Side Com. and
Manual ‘I'r, High School, Newark, N. J. 350p, 1024, $1.28. I
M. Ambrose Co.

LYMAN, DARNELL., Elementary Alpehra, First Course, by Elmer

A. Lyman, Prof. of Math.. Mich. State Normal College, Ypsilantl,
Mich,, and Albertus Darnell, Ass't Dean and Hend of Math,

geplt‘.. College of the City of Detroit. 332p, 1924 Amerlean
ook Co.

MiLxE, DowNrY., First Year Algebra, hy Wm. J. Milne, late
I’res, New York State College for Teachers, Albany. N. Y., and
Walter Downey, Head Master Ruglish Hlgh School, Boston.
3i6p, 1924, American Book Co.

NeweLrr, HARPER. A Year of Algebrs, by Marquis J. Newell, Inst.
of Math, Hixh School, Evanston, Ill. aml George A. Harper,
New Trier Twp. Iigh School, Kenilworth, Ill. 278p, 1620, $1.20,
Row Peterson and Co.

NyBERO. Firat Course in Algcbra, by Joseph A. Nyberg, Inst. {n
Math., Hyde Park High School, Chlcago, I, 830p, 1024, Amer-
fcan Bouok Co.

Rususer, DENcE. High School Algebra, by C. E. Rushmer,
Central High School. Blughamton, N. Y., and C. J. Dence, Central
High School, Syracuse, N, Y. 400p, 1023. American Book Co.

ScrorLING, CLaRK. Modern Algebra. 382p, 1024, $1.36. World
Book Co.

SciorLING, CLARK, LINDELL. Instructional Tesle in Algebra. T2p,
1925, 30c. George Wahry, Publisher, Aun Arbor, Mich.

ScHULT2E, BRECKENKInoE. Elementury Alyebra, Rev. Ed., by
Arthur Schuitze. late Head of Math, Dept., High School of (owm.
merce, New York Clity. and Wil E. Breckenridge, Head of Math.
Dept., Stuyvesant High School, New York City. 334p, 1923,
$1.20. Macmillun Co.

8uiti, REEVE. Kssentinls of Algebra, Book I, by David Fugeue
Smith, and Wm. D. Reeve. 360p, 1924, $1.24. Glun and Co.

Ssira. REEVE. FEasentials of Algebra, New York Edition, 400p,
1024, $1.24. Ginn and Co.

Stoxe, Harr, Stone.llart Elementary Algebra, by John C. Stone,
Head of Math. Dept., State Normal School, Montelair, N. J., and
Howard F. Hart. Fead of Math. Dept.. Junlor and Senlor High
Schools, Montcelair, N, J, 310p. 1024, $1.28. B. I1. Sanborn aud
Co,

SykEs, CoMB8TOCK.  Beginners' Algehra, by Mabel Sykes. Inst. in
Math., Bowen Hizh School. Chicago, and Clavence B. Comstock.
Prof. of Math.. Bradley DPolytechnic lustitute, DPeorla, Il  303p.
1922, $1.25. IRand McNally and Co.
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ALGEBRA I,

TunNer, Erereite Rook in Algebra, by Oswald Turner, Inst. in
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